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PREFACE. 


Tub work as now lcviscd includes (beside mmoi lmpiovp- 
inenls and additions) A New Treatment of the Hyperbola, 
winch was lead to the Association for the Improvement 
of Geometrical Teaching m January 1S90, aud notes of 
A Coarse foi Beginners 

These aie placed in sepaiate Chaptcis XI. and XII 
respectively, so as not to disturb the oidci of the text as 
it stood m the sixth edition. 

The figures for the new Articles *47, 84, S5 aie by 
Mr G. T Bennett, Scholar of St John’s College 


May 1801 


C. TAYLOR 



PREFACE TO THE THIRD EDITION. 


The Geomctiy of Comes has been lecast in the thud 
edition, so as to seive as an mtioduction to a laigoi woik 
now approaching completion 

The characteristic feature of the edition is the use of 
the Eccentric Cncle, which contubutes to a concise and 
uniform treatment of the three species of conics 

The Asymptotes of the hypeibola are shewn to be coin- 
cident with its self-conjugate diameters, and their pioperties 
are deduced from a limiting case of a pioperty of conjugate 
diameters m geneial 

The principle that Choid-pioperties should be proved 
independently of Tangcnt-pioperties is still adheied to, 
although in the geneial reanangement of the text it 
seemed no longei desnable to confine the two classes of 
propei ties to separate chapters 

The work now to some extent lesembles my first 
work on Geometncal Gomes, published in 1S63, but the 
general chapter has been made more complete than I was 
then able to make it 

October 1879 


PREFACE TO THE FOURTH EDITION.' 


A fourth edition having been called foi the woik has 
been revised and m a measuie enlarged by the inscition 
of some further corollaries (Aits 40, 54 59) and a chapter 
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on Cun at urc and also of a Lemma on pomts at infinity 
and a Scholium on the metric properties of diameters 
which arc needful for a right conception of the hyperbola 
m itself and in its 1 elation to the ellipse 

The collection of Problems has been reconstructed by 
Mi J. S Yeo, Fellow of St John’s College 

A sketch of the history of this branch of Mathematics 
fiom the earliest times will be found m the Prolegomena 
to the vork referred to m the pieface to the third edi- 
tion as approaching completion, and smee published imdei 
the name of An Intioduction to the Ancient and Modern 
Geometry of Gomes 

November 1883 


PREFACE TO THE FIFTH EDITION. 

The fifth edition of the Elementary Geometry of Conics 
contains a chapter on the Line Infinity, the text of i\hich 
gives a quasi-geometncal determination of the imaginary 
points at infinity through which all circles in a plane pass, 
vhile attention is called in a scholium to an apparent failuie 
of the Cartesian method to shew that there are two such 
pomts only in any plane The subject is one which demands 
careful thought with some faculty of imagination in the 
student, and it is not intended that the chapter should as 
a rule be read for the first time without the help of a 
teacher 


July 1888. 



PREFACE TO THE SIXTH EDITION 


In the sixth edition a construction foi tangents to a conic 
by the Eccentnc Cucle has been added to Art 6, and Ait 16 
is applied to the special case of chords of a hjpeibola 
rogaided as cut by an asymptote (Art 51) The simplicity 
of this treatment of asymptotes is a further advantage 
accruing from the use of the Eccentnc Circle 

To one who is not familiar with the different forms of the 
conics the mcic generality of a pi oof which applies to all ol 
them may be found peiplcxing In such case the student 
may be advised to begin with the chapter on the paiabola, 
supplemented by one or othei of the constructions foi 
tangents, and m his first reading of Chapters II and IV to 
regard them as chaptois on the ellipse only, passing ovei 
all references to the hypeibola Or ho may begin with the 
chaptei on the cone 


August 1889 
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THE GEOMETRY OE CONICS. 


LEMMAS 

We shall have occasion in the course of the svoik to 
assume the following Lemmas It as ill suffice to lefei to 
them one by one as they aie as anted 

A. To prove geometrically that 

(a + h)" — (a ~ b) s = 4a6 

If four rectangles whose sides are equal to a and b be 
fitted s) mmetncally about the square on a~b, the svhole 
figure will make up the square on a + b 


Therefore 


or 


(a + by = (a~ by + 4-ab, 
(a + by — (a ~ by — iab. 


t . a 
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LEMMAS 


The same is pioved m Euclid n 8, but by an unsym- 
metncal construction which shews only a gnomon of equal 
area instead of the four rectangles 

In illustration of the above, let PQ be any straight line 
bisected in 0, andjet 7 be any point m PQ produced (Figure 
Art 13), then 

PF S -^F ! = (07+ OP f -{07- OPy 
= 407.0P=207 PQ* 


B The distance of any point m a str aight line pr oduced 
07 within it fi om the middle point of the line is half the sum 
oi * differ e7ice of its distances from the extremities of the line 

Foi let mM be any straight line and L its middle point 
And first let a point R be taken in mM produced Then 

ML — RM = fymM = Rm — RL, - 
or RL — J ( Rif + Rni). 

Next let a point A r be taken withm mM Then 
KM — KL — = Nm + NL, 

or NL=h{KM~Km) 



G The ordinate of the middle p>oint of a straight line is 
equal to half the sum or difference of the ordinates of its 
extr ernities 

From the extremities of a straight line Qq and from its 
middle point 0 let parallels QM, qm, OL be drawn to meet 


* Otherwise thus Since PI’+Qr=20r (Lemma B), and PT-QY=PQ-, 
therefore (Euc n 5, Cor ) PT 2 -Qr 2 =z20T PQ ' 


LESDIAS 


3 


an}’ given straight line or axis ; and let these parallels be 
called the ordinates of the points from which they are drawn 

Draw qK parallel to mM to meet QM , and first let Q 
and q lie on the same side of the axis Then, since qK 
cuts off from OL a length equal to \QK, therefore 

OL — qm = \ (QM — qm), 

or 0L — \ (QM + qm) 

Next draw a figure in which Q and q lie on opposite sides 
of the axis Then it may be shewn in like manner that 

OL = £ (QM - qm) 

That is to say, the ordinate of 0 is equal to half the sum 
or difference of the ordinates of Q and q according as these 
points lie on the same side or on opposite sides of the axis 

D The sum of the squares of the distances of any point 
from the extremities of any straight line is double of the sum 
of the squaies of its distance fiom the middle point of the 
tine and of half the line 

For if SI S’ be the gi\en straight bne, P the given point, 
PiY a perpendicular to SS\ and G the middle point of SS', 

then &F = GSP + CF + 2GS CM, 

and »S'F= C*SP + CP 1 - 2CS’ GH, 

therefore by addition, since CS’ is equal to GS, 

SP* + S'P 2 = 2G/SP + 2GF 1 

E To divide a given straight line in a given ratio of 
majority or of minority 

A ratio is said to be a ratio of equabty, majority 01 
minority according as it is equal to unity, or greater or less 
than unity 

( 1 ) First let SX be the given straight line, which is to 
be divided in a given ratio of majority Draw’ SI 3" in any 
direction, and produce it to K, so that SH : HK may be 
equal to the gn on ratio Join KX, and draw HA parallel 

1—2 



4, LEMMAS 

to KX to meet SX in A Then since 

8 A AX =83 EK, [Euc vi. 2 

the point A divides SX internally m the given ratio 

Upon ES take EK' equal to EK Join K'X, and draw 
EA! paiallel to it to meet SX produced in A' Then 

SA' A'X = SE EK' = SE EK, 

or the point A 1 divides SX externally in the given ratio 


K 



In this case the points A and A’ will always lie on the 
same side of S, because K and IC he on the same side of S 

(n) Next let it be required to divide SX m a given 
ratio of minority SE EK Draw a figuie m which EK is 
greater than SE Then, using the same lines of constiuction 
as before, we determine the two required points of division 
A and A', which must always lie on opposite sides of S, 
because K and K' lie on opposite sides of 8 

It is evident that there is only one point at a finite 
distance which bisects a straight line, or divides it m a ratio 
of equality But the point co at infinity on any straight line 
SX likewise divides it m a ratio of equality 8<x> Xco 

F To divide a given straight line in a ratio greater or 
less than a given ratio 

In the figure given above let it be required to divide SX 
m a ratio greatei than the ratio of majority SA AX This 
is done by taking tlie pomt of division JV anywhere between 
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A and A'. For if XL bo drawn as in the figure parallel to 
NH to meet SH m L, then 

SN XX = SH • ILL > SH HK 

> SA • AX 

In like manner it may be shewn that every point m A A' 
pioduced either way divides SX in a ratio less than SA AX 

Next, if SA AX bo a ratio of minority , as in the second 
case of Lemma E, it may be shew n in like maunei that SX 
is divided in a ratio less than SA AX bj r every point m 
A A', and m a ratio greatei than SA AX by eveiy point m 
A A' produced either way. 

G. Harmonic section of a straight line 

If a straight line SX be divided intei nally and externally 
in the same ratio at A and A‘ so that 

SA' A'X = SA AX ; 
then SA' SA = A'X AX 

= SA' ~ SX . SX ~ SA, 
or SA', SX, SA arc in harmonic progression. 

Hence SX is said to be divided harmonically at A and A' 

The relation between SA', SX, SA may also be written in 
the form 

J_ + JL=Jl 

SA + SA' SX' 

Notice, as a limiting case, that SX is divided harmoni- 
cally by its middle point and its point at infinity, for if A' be 
taken at infinity SA becomes equal to \SX. 

H. Opposite points at infinity coincide 

This Lemma is necessary for the right understanding of 
the genesis of the hyperbola 

Take an unlimited straight line PP', and let OM be the 
perpendicular to it from an assumed point 0 without it 
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LEMMAS. 


The line may be legarded as traced by a point P lying on 
a ray OP which turns continuously about 0 For adjacent 
positions P and P' of the tracing point the angle of rotation 
POP' is small conversely we may say that the smallness of 
this angle is the test of the adjacence of P and P' 

But if P and P' be on opposite sides of and indefinitely 
remote from M, we may still pass, viz through infinity, from 
P to P' by turning OP through an indefinitely small angle 
Such points are therefoie quasi-adjacent, and the opposite 
points at infinity on the line are quasi-coincident 

Fiom this it follows that every straight line, or system of 
parallels, has one point only at infinity, as was assumed in 
Lemmas E and 6 



DEFINITIONS. 


[Further definitions will be given at the beginnings of the chapters, as 

occasion arises ] 

1 A Conic Section*, or briefly a Conic, is the curve 
traced in a plane by a point which moves in such a way that 
its distance from a given point is in a constant ratio to its 
perpendicular distance from a given stiaight line The given 
point is called the Focus, the given straight lme the Bit ectnx, 
and the constant ratio the Eccentncity of the conic 

If S be the focus, P any point on the conic and PM the 
perpendicular from it to the directrix, the ratio of SP to PM 
is constant If P' be any other point on the conic, and P’M 
the perpendicular from it to the dn’ectnx, then 

SP PM=SF P’M', 
or SP SP'=*PM P'M'. 



Let us now take a particular case, and suppose the direc- 
trix to be at an infinite distance from the focus In this case 
PM PM' is a ratio of equality, and therefore SP . SP' is 

* The conic sections were so called because they are the curves in which 
a plane can he made to intersect a cone, as will be shewn in the seventh 
chapter, 
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DEFINITIONS 


a ratio of equality That is to say, SP is always equal to 
SP', aud the locus of P is a circle Thus it appears that our 
definition of a conic is an extension of' the definition of a 
circle 

2 A conic is called a Parabola , an Ellipse, or a Hyper- 
bola, according as its eccentricity is a ratio of equality, of 
minority, or of majority 

3 The Axis is the unlimited straight line through the 
focus at right angles to the directrix, and the points m which 
it meets the conic aie called the Vertices When one vertex 
only is spoken of the vertex which lies between the focus and 
the dnectnx is signified 

It is evident fiom Lemma E that the parabola has only 
one vertex at a finite distance, and that the ellipse and the 
hyperbola have each two vertices. 

4 The middle point of the line joining the vertices is 
called the Centre of the come The ellipse and the hyper- 
bola are called Central Conics, m contrast with the parabola 
which has no centre at a finite distance The straight line 
through the centie at nght angles to the axis is called the 
Conjugate Axis 

5 A Chord of a come is properly the finite straight line 
joining any two points on the curve but the term is also 
used to denote the unlimited straight line joining any two 
points on the curve The extremities of a chord are the 
points m which it meets the come 

6 The Lotus Rectum is the focal chord, or chord through 
the focus, at nght angles to the axis 

7 A j Diameter is the locus of the middle points of a 
system of parallel chords it will be proved that the diame- 
ters of conics are straight lines One diameter is said to be 
conjugate to another when it bisects chords parallel thereto 

8 The Principal Ordinate, or briefly the Ordinate, of 
any point is the perpendicular drawn from it to the axis 
More geneially, the oidinate of any point to any diameter is 
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the line drawn from the point to that diameter m the direc- 
tion parallel to the conjugate diameter. 

9. A Tangent to a conic is the limiting position of a 
chord or secant whose two points of intersection with the 
curve have become coincident Thus if P and Q be adjacent 
pomts on a conic, and if the chord joining them be turned 
round P, or be moved about in any other way, until its ex- 
tremity Q coincides with P, the chord in its limiting position 
becomes the tangent at P Hence a tangent is said to be a 
straight line which passes through two consecutive or coinci- 
dent points on the curve 

The chord of contact of two tangents is the chord joining 
their points of contact 

10 The Normal at any pomt of a conic is the perpen- 
dicular to the tangent at that point 

11. If about any point in the plane of a conic a circle 
be described such that the ratio of its radius to the per- 
pendicular distance of its centre from the directrix is equal 
to the eccentricity, the circle may be called the eccentric 
circle of the conic with respect to that point, or briefly the 
Eccentric Circle of the Point 

12 The Order or Degree of a curve is determined by the 
number of points in which it can be met by a straight line 
Thus a curve of the second order or degree is one which a 
straight line meets generally in two and never in more than 
two points 

All the points at infinity in any plane constitute a locus 
of the first degree, which is called the Stiaight line at In- 
finity or the Line Infinity, since by Lemma H every other 
straight line in the plane passes through one pomt only at 
infinity. 



CHAPTER I. 


DESCRIPTION OF THE CURVE. 


1 Having given the focus, directrix and eccentricity of a 
como, it is required to descnbe the curve. 

- Let S be the focus*, MW the directrix, and X the point 
m which the axis meets the directrix In SX take the point 
A so that the ratio of SA to AX may be equal to the eccen- 
tricity (Lemma E) Then A is the vertex of the come. 

Draw a straight line cutting the axis at right angles m 
X, and let P and P' be the points in which the line meets 



* The planets descnbe approximately ellipses about the sun in one foous 
For this reason this first letter of Sol is used, as by Newton, to denote the 
Focus, or as he called it the Umbilicus We shall use the letters S, A, X as 
above without furthor explanation, so that SA , AX will always denote the 
eccentricity 
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the circle descnbed with S as centie and radius SP, such 
that 

SP : NX = SA . AX. 

Draw Pill perpendicular to the directrix. Then 
SP PM = SP • NX = SA • AX, 

or P is a point on the conic In like manner it may be 
shewn that P' is a point on the conic 

If now we suppose the chord PP' to slide at light angles 
to the axis, so as to assume all possible positions, its extremi- 
ties will trace out the complete curve. 

2 The tin ee species of conics 

In order that the line and the circle in the above con- 
struction may intersect, the length SN must be less than the 
radius SP, or 

SN:NX<SA-AX 

In the case of the Pa? abola we must have SN < NX 
The point N may therefore be taken anywhere m XA pio- 
duced, and the curve consists of one infinite branch spreading 
out from the veitex and avay from the duectnx 

In the Ellipse, if A' be the second vertex, the point N 
may be taken anjwheic between A and A‘ (Lemma F), and 
the curve consists of one oval branch (Fig Art 5) lying on 
the same side of the duectnx with the focus 

In the Hypei bola, if A' be the second vertex, the point 
N may be taken anywhere in AA' produced either way 
(Lemma F), and the curve consists of two infinite branches 
on opposite sides of the directnx 

3 The symmeti y of the curve. 

From the foregoing construction it is evident that the 
curve is symmetneal with respect to its axis, since its points 
are always determined m pairs as P and P' in corresponding 
positions above and below the axis, so that the part of the 
curve below the axis is the accurate lcflexion of the pait 
above the axis. 
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DESCRIPTION OF THE CURVE. 


It follows also that the tangent at A is at right angles to 
the axis, since when the point N coincides with the vertex 
SP = SA = SP' , that is to say, the points P and P' coalesce 
at A, and the chord joining them, which is always at right 
angles to the axis, becomes the tangent to the conic at its 
vertex (Def. 9) 

4 The focal distance of any point on a conic is m a 
constant i atio to the distance of the point from, the directrix 
measured paiallel to any fixed straight line which meets the 
dn ectnx 

From any two points P and P' on the come draw PR 
and P’R m any fixed direction, to meet the directrix, and 
draw PM and P'M' perpendicular to the directrix 

Then SP PM = SP ' P'M', [Def 1 

and PM PR = P'M' P'R, 

by similar triangles 



Therefore SP PR = SP' P’R, 

or (since we may consider P’ and P'R to remain fixed whilst 
P vanes) the focal distance SP varies as the distance PR to 
the directrix measured m any given direction 

Conversely, every point P which satisfies the above 
relation is a point on the conic 

Notice m particular that if any chord PQ meet the 
directrix in R, 


SP PR = SQ QR. 
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5 A conic iA « curve of the second o? tier. 

Let a straight line drawn in nny ducction cut the conic in 
P mid meet the directrix m M Make the angle MSR equal 
to MSP, mid let the line RS produced meet, Jlr P in Q. 

Then, by Euclid VI. A or 3, since SM bisects the angle 
PSQ or its supplement, 

SQ-SP~QM:PM, 
or SQ:QM-SP PM, 



and then fore Q is a point on the curve (Art 4); and it is 
evident that no third point of mler**cetioh of the line PQ 
with the conic cm be determined 

It follows that a straight lino which meets a conic will in 
general meet it in two point**, and never in more than two 
A conic is therefore a curve of the second order or degree 
(Def 32) 

In the Ellipse P and Q always lie on the same side 
of M. 

In the Parabola, if PM be parallel to the axis and theio- 
fore equal to SP, 

z MSR = MSP = SMP = MSX, 

or SR coincides with SX and the point Q recedes to infinity, 
lienee ever) straight line parallel to the axis of a parabola 
meets the curve in one point only at a finite distance. 
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6 To dcsci ibe a conic of given focus, dii ectnx and eccen- 
ti icitij, and to draw tangents to it, by means of the eccentric 
cn cle 

Describe the eccentric circle of any point 0* in the 
plane of the conic (Def 11), and let a straight line thiough 8 
meet the circle m p and the dire'ctnx in Tt 

Let the focal radius parallel to pO meet RO in P, and 
let OD and PM be perpendiculars to the directrix 

Then smce SP, pO and PM, OD are parallels, 

BP Op = PR OR 
— PM OD, 

or BP PM- Op OD 

= the eccentricity 



Hence, as p moves round the circle, P traces the conic 
which was to be described 

Conversely, if any point 0 be taken on a chord PQ of a 
conic, the eccentric circle of 0 will meet SR (draw to the 

* Let SL bo the semi-lotus rectum, and lot tbo ordinate of 0 meet the 
axis in N and XL m K Then since KN OD=KN NX=SL SX=SA AX 
the radius of tho circle must be taken equal to KN 
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point of concourse B of the choid with the directrix) in 
points p and q lying upon radn parallel to SP and SQ 

The student should now draw figuies in which the 
eccentric circle touches or cuts the directrix, and trace the 
corresponding conics, which null be in the one case parabolas 
and in the other hyperbolas 

When the points p and q coalesce, the points P and Q 
coalesce Hence the following construction for the tangents 
to the conic from a given point 0 . 

Let either tangent from S to the circle meet the directrix 
m R, then BO is a tangent to the conic 

The tangent Sp to the circle and the tangent OP to the 
conic subtend equal angles at 0 and S respectively But 
the two tangents from S to the circle subtend equal angles 
at 0 Therefore the two from 0 to the come subtend equal 
(or supplementary) angles at S 

For the special case of the parabola the definition of the 
eccentnc circle is not required, the construction for the 
tangents from a given point 0 being simply, with 0 as centre 
describe a circle touching the directnx, and let the tangents to 
it from S meet the directi ix m R and R', then RO and R'O 
aie the requited tangents to thepaiabola 



CHAPTER II 


THE GENERAL CONIC 

[For a course of reading to he preferred m some cases see Chap XIII 

We shall commence by proving some of the principal 
properties which are common to the parabola, the ellipse 
and the hyperbola. 


The Tangent 
PROPOSITION I. 

7. Each of the two tangents which can be drawn to a 
conic from any point on its directrix subtends a right angle 
at the focus 

Let P and Q be adjacent points on the curve, and let 
PQ produced meet the directrix in R Then it may be 
shewn (Art. 4) that 


SP-SQ=PR QR, 
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and therefore SR bisects the angle which SQ makes with PS 
produced [Euc vi. A 

Let PS meet the curve again in 0 Then since the 
angles RSQ and RSO are always equal, therefore m the 
limit, when Q coalesces with P, eacn of them becomes a 
right angle, and RP, which becomes the tangent at P (Def 
9), subtends a light angle at S In like manner it may be 
shewn that the other tangent which can be drawn to the 
conic from R subtends a right angle at S 

Corollary 

Hence it appears that the tangents at the extremities of 
any focal chord OP meet at a point R lying on the directrix, 
and such that SR is at right angles to OP Conversely, if 
tangents be drawn to a come from any point R on the direc- 
trix their chord of contact will be the focal chord at right 
angles to RS The tangents at the extremities of the latus 
rectum meet at X 


PROPOSITION n. 

8 If from any point T on the tangent at P there be 
drawn pei pendiculars TL and TN to SP and the directrix, 
the ratio of SSL to TN mil be constant and equal to the 
eccentricity 

Por if the tangent at P meet the directrix in R, and if 
PM be a perpendicular to the directrix, then since SR is at 
right angles to SP (Prop l) and is therefore parallel to TL, 
it follows that 

SL SP = TR : PR 
= TN. PM 



t. g 2 


IS 
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Therefore SL TR = SP . PM 

= SA : AX, 

or SL is equal to the radius of the eccentric circle of 21 

Corollary 

To draw a pair of tangents to a conic from a given ex- 
ternal point T, with S as centre describe a circle equal to 
the eccentric circle of T, and draw the tangents TL and TM 
to the circle (Fig Art 9) ; then by the converse of the propo- 
sition SL and SAT will pass through the points of contact P 
and <2 of the required tangents Draw SR at right angles to 
SL to meet the directrix in R, then TR is one of the two 
tangents Draw SR at right angles to SM to meet the 
directrix in R , then TR is the second tangent from T 
For a construction by the eccentric circle see Art 6 

PROPOSITION hl 

9 The two tangents which can be di awn to a come from, 
any external point subtend equal or supplementary angles at 
the focus 

For if TP and TQ be the two tangents to a conic from 
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the point T, and TL, TM, TN be perpendiculars to SP, SQ 
and the dnectiix, then by Prop II, since T lies on the tan- 
gent at P, 

SL TX=8A.AX t 
and since T lies on the tangent at Q, 

SM TN=SA.AX 

Therefore in the nght-angled triangles STL and STM 
the side SL is equal to SM , and the hypotenuse ST is 
common , and therefore the angle TSL is equal to TSM 

Now ( 1 ) if TP and TQ touch the same bianch of the 
come, the angles which they subtend at S are either equal to 
TSL and TSM (as in the above figuie) or supplementary 
thereto In eithei case the two tangents subtend EQUAL 
angles at S 

But (ii) if TP and TQ touch opposite branches of a 
hyperbola (as m the next figure), so that one and one only of 



the lines SL and SM has to be produced backwards to P or 
Q, the two tangents will subtend supplementary angles at S. 

PROPOSITION IY 

10 The point of concourse of any two tmgents to a 
conic and the point m which their chord of contact meets the 

2—2 
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directrix lie upon a pair of focal radii which include a right 
angle. 

If P and Q be points on the same branch of a come, and 
if PQ meet the directrix in R, then, as in Prop I , SR bisects 



the* angle which SQ makes with PS produced , that is to say, 
it bisects the supplement of PSQ 

Also, if the tangents at P and Q meet in T, the lme ST 
bisects the angle PSQ (Prop m ) 

Therefore ST and SR bisect supplementary angles, and 
are therefore at right angles to one another 

If TP and TQ touch opposite branches of a hyperbola, 
then (completing the second figure of Art 9) it may be 
shewn that in this case also the angle TSR is a right angle 


The Normal. 

PROPOSITION V 

11 The not mal at any point of a conic meets the axis at 
a distance from the focus which is to the focal distance of the 
point m a constant ratio equal to the eccentricity 

For if the tangent at P meet the directrix in R, the circle 
on PR as diameter will pass through S, since PSR is a right 
angle , and it will likewise pass through M, the projection of 
P upon the directrix , and the normal at P will touch the 
circle, since it- is at right angles to its diameter PR. 

Let the normal meet the axis m G 
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Then ZSPG = SMP, 

in the alternate segment of the circle, and 

Z PSG = 8PM, 

by parallels 



Theieforo the triangles SPG and SPM are snmlar, and 
SG : SP = SP PM 
— SA • AX, 

or SG varies as SP, as was to be proved. 

Conversely, if in AS produced there be taken a point G 
such that 

SG SP — SA. AX, 
the line PG will bo the normal at P 

PROPOSITION VI 

12 At any point of a conic the projection of the normal 
(terminated by the axis) upon the focal radius is equal to the 
senn-latus rectum 

Let the normal at P meet the axis in G draw GK per- 
pendicular to SP- and draw PM perpendicular to the axis 

Then by similar right-angled triangles SKG and SMP, 
SK . SN = SG- SP 
= SP PM 
= SP MX 


[Prop V 
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Hence SP-SK NX-SN = SP NX, 



that is to say, PK is to SX m a constant ratio equal to the 
eccentricity, and is therefore equal to the semi-latus rectum 

Note that when P is taken at an extremity of the latus 
rectum PK coalesces with the semi-latus rectum 


Diameters. 

PROPOSITION VII 

13 The locus of the middle points of any system, -of 
parallel chords of a com o is a straight line which meets the 
directrix on the straight line through the focus at n qht angles 
to the chords 

Let PQ be any one of a system of parallel chords, V the 
point in which the focal perpendicular upon them meets the 
directrix, R and 7 the points m which PQ meets the di- 
rectrix and respectively 

Then since SP * PR = SQ QR, [Art 4 

therefore (supposing for example that SP is greater than SQ) 
SP 2 -SQ 2 PR 2 -QR 2 = SP 2 PR 2 , 
or, subtracting SY 2 from SP 2 and SQ 2 respectively, 
PY 2 -QY S PR 2 -QR 2 =SP 2 PR 2 


[Euc I 47 
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But if 0 bo the middle pomt of PQ, 

Pr-Qr = 20F PQ, [Lemma A 
and similarly, PR 3 — QR 3 = 2 OR . PQ 



Hence 07 0R = 8P 3 PR 3 , 

which (Art 4) is a constant ratio so long ns PQ is drawn in a 
specified direction. 

Hence if any other chord be drawn paiallel to PQ, and 
if O', Y’, R' be the new positions of 0, 7, R, it follows that 

0'7.0’R' = 07 OR, 

and hence that the points 0, O', V lie in a straight line* 

If now we suppose the pomt O' to remain fixed w T hilst 
PQ moves parallel to itself, the pomt 0 will always lie upon 
a fixed straight line O' 7, as was to be proved 

Proof by the eccentric circle 

The eccentric circles of P, Q meet m S and have ST for 
radical axis A common tangent MM' to the circles passes 
through R, makes a constant angle with PQ (one of a series of 
parallel chords), and is bisected by ST in a point at which OR 
subtends a nght angle Hence OT TR is a constant ratio, 
OVS a constant angle, and OV a fixed line In the parabola 
(Art 20) the directrix is a common tangent to the circles 

* For if they do he on a straight line, O'Y' OY=0'Y OV=0'R ' OR 
The required converse may be easily deduced by a reductio ad absurdum 
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Govollaiy 1 

The tangent at eithei extremity of a diameter is parallel 
to the chords which the diameter bisects, since any one of the 
bisected choids may be supposed to move parallel to itself 
until its segments vanish together and its extremities coalesce, 
so that it becomes a tangent, viz at an extremity of the 
bisecting diameter If a diameter meets the conic in two 
points, the tangents at those points are parallel to the 
ordinates (Def. 8) of that diameter and to one another 

Gorollary 2. 

If PQ and pq be any two of a system of parallel chords, 
and 0 and o be their middle points, which will lie on a 
fixed diameter, it is evident that Pp and Qq will meet at a 
point T lying on that diameter Hence, making pq move 



parallel to itself until it coalesces with PQ, so that TP and 
TQ become the tangents at P and Q, we see that the tangents 
at the extremities of any chord meet upon the diameter which 
bisects the chord, and conversely, that the diameter to any 
external point bisects the choid of contact of the two tan- 
gents from that point 


proposition vin. 

14 Every central conic is divided symmeti ically by its 
conjugate axis, and has a second focus and diiectmx 
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Let A A' be tbe transverse axis of a cential conic, PQ 
any chord parallel thereto, and M the point in which PQ or 
its prolongation meets the directrix 

Bisect PQ in 0, and draw SY perpendicular to PQ , then 
it may be shewn, precisely as in Prop, til, that 

OY: OM = SP * : PM 2 , [Fig. Art. 37 

and hence that the locus of 0 is a straight line at right 
angles to AA\ 

Since this straight line must also bisect AA' (which is a 
limiting position of the chord PQ), it meets AA' at the 
centre G of the conic, and coincides with the conjugate axis 
(Dei 4) 

It is evident that this line divides the curve into two 

E arts such that each is the exact inflexion of the other, and 
ence that the curve has a second focus H and directrix JVTF, 
the exact counterparts of the original focus and directrix with 
reference to which the conic was defined 


Go) ollary 1 

From the symmetry of a central conic with respect to its 
two axes, it is manifest that every chord through its centre is 
bisected at that point, and hence that all diameters pass 
through the centre It is further evident that any two dia- 
meters or focal chords equally inclined to either axis are 
equal to one another, and that any two tangents to the conic 
from a point on either axis are likewise equal. 


Gorollary 2. 

In Art 13 let the diameter parallel to PQ meet the di- 
rectrix in V'. Then m the triangle CW’, since VS is at 
right angles to CV and GS to YV, therefore S is the ortho- 
centre and V’S is at right angles to GY* Hence the diame- 
ter QV' bisects chords parallel to GY, or if one diameter be 
conjugate to a second, the second is conjugate to the first 


* The three perpendiculars 
its orthocentre. 


of a triangle meet m n point, which is called 
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The Segments of Chords. 

PROPOSITION IX 

15 The semi-latus rectum w a harmonic mean between 
the segments of any focal chord * 

Let a focal chord PQ 01 its prolongation meet the di- 
rectrix in R, and let PM, SX, be perpendiculars to the 
directrix 

Then, since 

SP SQ = PM QN^PR'QR, 
therefore PR—SR SR — QR ~ PR QR, 
or PR, SR, QR are m harmonic progression. [Lemma G 



But by parallels, and from the definition of the curve, if 
SL be the semi-latus rectum, 

PR SR QR = PM SX-QN 

= SP SL SQ 

Therefore also SP, SL, SQ are in harmonic progression 


Corollary 

It is easy to deduce that 

SL PQ = SL (SP + SQ) = 2 SP SQ 
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Hence, iipq be any other focal chord, 

PQ : pq — BP SQ: Bp. SQ, 

or focal chords are to one another as the rectangles contained 
by their segments 


PROPOSITION X. 

16 A choid of a conic being divided at any point , to 
determine the rectangle contained by its segments 

Let a chord PQ of a conic be divided mtlim 01 without 
at any point 0, and lot it meet the directrix, in R Then, lr 
SK and Rt be tangents to the eccentric circle of 0, the 
rectangle OP.OQ will be to SK 2 as OR? to Rt\ 



Let parallels through 0 to SP and SQ meet OR m p and 
q, and let OB and PM be peipcndiculais to the directnx 

Then Op BP -OR. PR = OB • PM, 
or Op OB = SP • PM — the eccentricity , 

and therefore p is on the eccentnc circle of 0 
Similarly q is on the same ciicle. 
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Also OP Sp — OP Pp, 

and OQ Sp = OP R<i 

Hence OP OQ Sp Sg— OR" Pp Rg, 
or OP OQ SIP = RO* Pfir [Euc m 36. 

Gotollary 1 

The ratio OP OQ SK 1 depends only on the dn ection of 
PQ For when the angle ROD is given, RO is in a constant 
ratio to OD, and thereto: e to Ot Theiefoie also the angle 
ROt is given and RO Pt is constant 

Similarly, if P'Q' he any second chord through 0, the 
ratio OP' OQ' SK* depends only on the direction of P'Q’ 

Hence, compounding, OP OQ OP' OQ' depends only 
upon the directions of PQ and P'Q', and not upon the 
position of 0 That is to say. 

The ratio of the rectangles contained hy the segments of 
any two intei secting chords of a conic is the same as for 
any other two choi ds parallel to the formei, each to each 


Gorollai y 2 

This ratio is equal to that of the parallel focal chords (Art 
15, Cor), and m a central conic to that of the squares of 
the semi-diameters parallel to the chords , and in the general 
conic to the ratio of the squares of any pair of tangents 
parallel to the chords, since a tangent is defined as a chord 
whose extiemities are coincident 


* No real tangent can be drawn from S to the circle when 0 lies within 
the conic, nor from i? when PQ meets both branches of a hyperbola. But 
Sp Sq or Pp Pq is then equal to the square of half the chord bisected at S 
or P (Euc m 35) , and in all cases, if r be the radius of the circle, 

OP OQ 50=~r==R0 5 RO-~i a 
If c be the eccentricity, JR0 2 ~r s P0 1 =l~e-, cos" POD 
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Corollaiy 3 

If a circle and a conic intersect m four points , their 
common chords are equally inclined, m opposite pairs, to the 
axis of the conic. For if POQ and pOq be one of the three 
pairs of common chords of a circle and a conic, the rectangles 
PO.OQ and pO Oq are as the focal chords parallel to PQ 
and pq (Got 2 )*, and the same rectangles are equal to one 
another by a property of the circle Therefore the focal 
chords parallel to PQ and pq are equal, and are therefore 
equally inclined to the axis [Art 16, Cor 


Corollary 4. 

If Sp Sq were constant for a senes of positions of 0, the 
rectangle OP OQ would vary only with the direction of PQ 
This condition is satisfied when the come is a hyperbola and 
0 any point on either asymptote (Art 48, end) It follows 
that, when 0 is any such point, OP OQ is equal to the 
square of the parallel tangent (terminated by the asymptote), 
or of the parallel semi-diameter. 

* In the central conics it is simpler to say, that the rectangles are as the 
squares of the diameters parallel to PQ and pgr, and that equal diameters are 
equally inclined to the axis (Art 14, Cor 1) Or we may use the parallel 
tangents in all cases 
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17 The annexed further definitions will be required m 
the present chapter 

The principal Abscissa or Absciss of any point with 
respect to a parabola is the finite segment cut off from the 
n.-ns by the puncipal ordinate of the point The abscissa 
or absciss of a point to any diameter is the finite segment 
cut off from it by the ordinate of the point to that diameter 

[Def 8 

The Parameter of any diameter of a parabola is the 
focal chord which it bisects thus the latus rectum is the 
parameter of the axis 

The Subtangent at any point of a conic is the intercept 
upon the axis between the tangent and the ordinate of the 
point, and the Subnormal is the intercept between the 
normal and the ordinate The subtangent to any diameter 
is the intercept thereupon between the tangent and the 
ordinate of its point of contact to that diameter 

18 The eccentricity of the parabola being a ratio of 
equality, the semi-latus rectum is equal to SX, and there- 
fore to 2 SA Also in the parabola SG becomes equal to SP 
(Arts 11, 25), and the eccentric circles of all points (Def 11) 
touch the directrix 

The property of diameters in Ait 18 has been proved 
for all comes without distinction , but we shall also shew 
that it can be proved with peculiar ease for the special case 
of the parabola. 
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Chord-Properties*. 


PROPOSITION,!! \1 

/ 

19. The principal ordinate 0 / any point on a parabola 
is a mean proportional to its abscissa and the latus rectum 

If PN and AN be the principal ordinate and abscissa 
of anj r point P on the parabola, we have to shew that 

PN 2 = 4AS' AN 

By Euclid 1 . 47 and from the definition of the parabola, 
PN'- +SN 2 = SP 2 = NX 2 . 

Hence (taking for example the case in which AN is 
greater than AS), 

PN 2 + (AN — AS) 2 = (AN+ AS) 2 

~(AN-~AS) 2 +4 ; AS AN. 

[Lemma A 



Therefore PN 2 is equal to 4; AS AN, or in other words, 
PN is a mean proportional to the abscissa AN and the 
latus rectum (Art. 18). 

* By chord-proporties {as distinguished from tangent-properties) wo 
understand such properties as do not presuppose the definition of a tangent 
(Def 9) It is desirable to aioid using tangent-properties to prove ohord- 
proportios, the reverse order being the only natural one, so long as we regard 
a tangent as the limit of a chord 



32 


THE PARABOLA 


Conversely, if PJV" and AN be thus related, tbe locus of 
P will be a parabola of latus rectum equal to 4<AS. 


PROPOSITION IE 


/ 




20 The lows of the middle /points of any number of 
pai allel chords of a pm dbola is a straight line parallel to the 
axis , and the bisecting line meets the dnectrix on the straight 
line through the focus at right angles to the common direction 
of the choi ds 

Let QQ' be any one of a system of parallel chords, and 
let QM and Q'M' be perpendiculars to the dnectnx. 

Let the focal perpendicular upon the chords meet QQ' 
m 7 and the directrix m 0 , and let the parallel to the axis 
through 0 (which is a fixed straight line) meet QQ ' m V 
Then mil V be the middle point of QQ' 



For by Euclid i. 47 and from the definition of the para- 
bola (taking the case in which Y lies in OS produced), 

OH 2 = OQ 2 -QM 2 - OQ 1 - SQ 1 

= OY^-SY 2 , 

and 0M' 2 may be shewn to have the same value 

And since 0M and OH' are thus equal, the line 0Y 
parallel to the axis bisects QQ' , that is to say, it bisects 
eveiy chord which is at right angles to OS 
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It is hence evident that eveiy straight line parallel to 
the axis of a parabola is a diameter (De£ 7) of the curve, 
and that all diameters of a parabola are parallel to the cucis 
and to one another. 


proposition ni~ 



21 The parameter of any diameter of a parabola ts 
equal to font times the focal distance of its extremity 

Let a diameter meet its parameter QSQ" (De£ Art 17) 
in v, the curve in P, and the directrix in. 0, so that vSO is 
a right angle [Prop n. 

Let fail perpendiculars QM and Q'M' upon the directrix. 
Then 

QQ’^SQ + SQ'=QM+ Q'JiT 

— 2 vO [Lemma C 



And because vSO is a right angle, and SP — PO, there- 
fore vO is a diameter of the circle round OSv, and P is its 
centre 

Hence QQ' = 2v0 — 4SP, 

or the focal chord QQ' is equal to four tunes the focal dis- 
tance of the extremity of the diameter of which it is the 
parameter. In particular, as we have already seen, the 
iatus rectum or principal parameter is equal to 4AS. 

T. G 


3 
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PROPOSITION IV' 



22 The oidinate of any point on a parabola to ' any 
diameter is a mean proportional to the parameter of the 
diameter and the abscissa of the point 

Let Q be any point on a paiabola, QV and PF its ordi- 
nate and abscissa to any diameter we have to shew that 

Q7 2 =4SP.PF, 

the parameter of the diameter through P being equal to 
4 jSP [Prop HI 

Let the diameter meet its parameter m v and the di- 
rectrix in 0, and let OS, which is at right angles to Sv 
and QV (Prop n ), meet QVmV 



Then it may be shewn that, if QD and QM be perpen- 
diculars to the diameter and the directrix, 

QD°- = OM*=OT--SY* [Art 20 

But by similar triangles and parallels, QD is to QV as 
07 to OV and as SY to vV 

Therefore QV 2 = OV 2 — v’V 1 , 
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And since P is the centie of the cucle lound OSv (Art 21), 
therefore OY is equal to PY+SP, and vY to PV—SP, 
and tlieiefoie from above, 

QY* = (PY+ SPf- (PY- SPf, 

= 48P PY ; [Lemma A 

or QY is a mean piopoitional to PY and 4<SP. 

/ Corollary 

Conversely, if the ordinate and abscissa of a point Q be 
so related that QF 2 = 4£fP PY, where SP is any constant 
length, the locus of Q will bo a paiabola With centie P 
and radius equal to SP draw a cucle cutting PY in 0 and 
v, and the parallel to QY thiough v in S Then, reversing 
the steps of the pioposition, we have QY* = OV* — vY 2 , ana 
OM"=OY* — SY*, and SQ = QM , or the locus of Q is a 
parabola whose focus and directrix aie S and OM 


PROPOSITION 



23 The t ectangles contained by the segments of any two 
intei secting chords aie as the parametei's of the diameters 
which bisect them 


Take any two chords QQ' and RB! intersecting in a point 
0, within or without the 'paiabola, and let the diameter 
through 0 meet the paiabola in q. 
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Bisect QQ ' m V, let the diameter tlnough V meet the 
curve in P, and draw the ordinate qv to that diameter Then, 
taking the case m which 0 lies within the parabola, 

QO OQ'=QV s -OT, [Euc n 5, Cor. 

= QF 2 -^ 8 , 

= 4$P PF— 4&P Pv, [Prop rv 

and therefore, since PV — Pv is equal to vV or qO, 

QO OQ' = 4<8P qO 

Similarly BO OB' = 4<SP' qO, 

if P' be the extremity of the diameter which bisects BB ' , 
and the same may he proved for the case in which 0 lies 
without the parabola 

Therefore the rectangles QO OQ' and BO OR' are as 
4<8P to 4<SP', or as the parameters of the diameters which 
bisect QQ' and BR' (Prop III ) , in accordance with what was 
proved for all conics without distinction m Art 16 


Tangent- Prop erties. 


PROPOSITION 


i 1 X/ 


24 The tangent to a parabola at any point is the bisector 
of the angle which the focal distance of the point malces with 
the diameter produced 


Let the tangent at P meet the directrix in R, and let the 
diameter be produced through P without the curve to meet 
the directrix in M 
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Then PSR is a right angle (Art 7), and SP = PM, and 
PR is common to the nght-angled triangles PSR and MPR 

Therefore their angles at P are equal, or the tangent PR 
is the bisector of the angle SPM 

It is further evident that RP produced makes equal 
angles with SP and PM , and that if the tangent meet the 
axis in T, the angles SPT and STP are equal, or the tangent 
together with SP and the axis determines an isosceles tri- 
angle. 

Corollary 1 

If PN be the principal ordinate of P, it follows that 
ST—SP — NX = AN + AS, 
and therefore AN = ST —AS=AT, 

or the subtangent is double of the abscissa [Def Art 17. 

Corollary 2 

If PQ be any focal chord and MN its projection upon the 
directrix, and if SR be dra^n at right angles to PQ to meet 
the directrix, it is evident from above that the bisector of the 



angle SRM is the tangent at P, and that the bisector of SRN 
is the tangent at Q Hence 

Z PRQ = %SRM 4- \SRN — a right angle, 

or the tangents at the extremities of any focal chord meet at 
right angles upon the dnectrix, and conveiscty 
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PROPOSITION VET'" 



25 The normal at any point makes equal angles with the 
focal distance and the axis, and it bisects the intenor angle be- 
tween the focal distance and the diameter through the point 


The normal at any point P is at right angles to the 
tangent 

Let them meet the axis m G, T respectively, and let I he 
an internal point on the diameter through P. 

Then the angles SPG, SGP aie complementary to SPT, 
STP lespectively And these are equal (Art 24) 


Therefore Z SPG = SGP = GPI , 

or the normal makes equal angles with SP, SG and bisects 
the angle SPI. 



Corollary 

Hence, if PN he a principal ordinate, 

SG = SP = NX , 

or, subti acting SN from SG and from NX, the lemamders 
NG, SX are equal, or the subnormal is equal to the semi-latus 
rectum 


PROPOSITION VIII. 

26 The foot of the focal perpendicular to any tangent 
lies on the tangent at the vertex, and the squat e of the focal 
perpendicular to any tangent varies as the focal distance of its 
point of contact 

Let the tangent at P meet the axis m T, and let PN be 
the ordinate of P 
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(i) Draw the tangent at the veitex A, and let it meet 
PT in Y , then will SY be perpendicular to PT. 

For since A is the middle pomt of NT (Art 24, Cor 1), 
therefore by parallels PN and A Y (Art 3), Y is the middle 
pomt of PT; and thcrefoie the triangles SPY and STY, 
having their sides SP and PY equal to ST and TY respec- 
ti\ ely, and the side SY common, have their angles at Y 
equal 

Therefore SY is at right angles to PT, and conversely 
the foot of the focal perpendicular SY upon the tangent at 
P lies on the tangent at A. 

(li) Moreover, since the tangents YA and YP to the 
parabola subtend equal angles at S (Art 9), the right-angled 
triangles SAY and SYP are similar, so that 

SA.SY=SY SP, 
or SY^SA SP, 

and SY 1 varies as SP, as nas to bo proved 


V' ! 

PROPOSITION JX. ,\ ! 

27 The exterior angle between any two tangents to a 
paiabolais equal to the angle which either of them subtends 
at the focus 

Let the tangents at P and Q intersect m T, and let them 
meet the axis in p and q Take any point 0 in pS produced, 
and produce TS to any point t 

Then by Euclid i 32, and because SPp is an isosceles 
tnangle (Prop vi ), 

Z PSO = SPp + SpP = 2 SpP , 
and similarly Z QSO = 2 SqQ 

Hence by addition (taking the case in which P and Q lie 
on opposite sides of the axis), 

Z PSQ = 2 (SpP + SqQ) = 2 (SpP + pqT), 

— 2PTQ 
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Therefore Z PTQ = $PSQ = PSt = QSt , [Art 9. 

and therefore the extenor angle pTq between the tangents 
is equal to PST 01 QST , as was to be proved 



If P and Q lie on the same side of the axis, then by 
subtraction, 

Z PSQ = 2 (SqQ ~ SpP) = 2p% 
oi ZpTq=PST=QST. 


PROPOSITION X 

i 

28 The triangles described with any two tangents to a 
pai abola as bases and the focus as vet tex are similaj to one 
another and to the triangle made by the two tangents and the 
axis or any triad of pai allels iheieto 

For m the same figure the tnangles SPT and Tpq have 
their angles at S and T equal (Pi op IX ) and theii angles at 
P andp equal (Prop Yi), and aie theiefore similar In like 
mannei the triangle STQ is similar to Tpq, and therefoie to 
SPT 

Hence SP ST=ST SQ, 

or the focal distance of the point of concourse of any two 
tangents to a pai abola is a mean proportional to the focal 
distances of their points of contact 
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Also, because the angle STQ is equal to PpS, any two 
tangents to a parabola are equally inclined to the focal distance 
of their point of concouise and to the axis respectively This 
may be remembered in the form 

Z STQ — ETP, 

if IT be an internal point on the diameter through T 

PROPOSITION XI -C' \ 

29 The cn cuniscribed circle of the triangle formed by 
any three tangents to a parabola passes through the focus 

Let PQR be any triangle whose three sides touch a 
parabola, and let any one of its sides, as PR, meet the avis 
mf. 



Then by Prop x, considering the two tangents which 
meet in R, 


Z SRQ = STP , 

and next considering the two tangents which meet in P, 

Z SPQ = STP 


__ Therefore the angles SPQ and SRQ are equal, and the 
points PQRS lie on a circle , or m other woixls, the circle 
round PQR passes through the focus 
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Corollary 

Four tangents to a parabola make four triangles whose 
cucumcu'clcs meet at the focus 

^ ** " M ‘' 
i 

PROPOSITION XII "n -/ \ /. ^ 

30 At any point of a pa? abola the sabtangent to any 
diameter is double of the abscissa 

Let Q be any point on a parabola, QF and PV its ordi- 
nate and abscissa to any diameter, and let the tangent at Q 
meet that diameter in T ne have to shew that TV is 
double of PV [Def. Art. 17. 

Let the tangents at P and Q meet in R, and let PO be 
drawn parallel to PQ to meet QV in 0 , then the tangent at 
P, being a vanishing ordinate to the diameter PV (Art 13, 
Cor 1), is parallel to QV, and theiefoie PRQO is a paral- 
lelogram, and its diagonal RO bisects the diagonal PQ* 



But the line drawn fiom R to bisect the chord of contact 
of the two tangents from R is a diametei of the parabola 
(Art 13, Cor 2) therefore RO is a diameter, and is parallel 
to the diameter PV [Prop II 

Hence by parallels, 

PV=R0 = PT, 

or P bisects TV, and the sub tangent TV is double of PV 

* Any triangle wliose base is pnrnllel to tlie axis of a parabola lias its 
other sides as the parallel tangents HP, HQ, these being as IIP, 1 IT 
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31 The central conics are the ellipse and the hyperbola* 
It has been shewn (Art 14) that these are also bifocal, and 
symmetrical with respect to both axes 

The Abscissa or Abscisses of a point to any diameter of a 
central conic are the segments of the diameter made by the 
ordinate of the point The Central Abscissa which is also 
called absolutely the Abscissa, is the distance from the centre 
to the foot of the ordinate 

The principal axis of a central conic is distinguished as 
the Tiansverse Axis The transverse and conjugate (Def 4) 
axes of the ellipse are also called its Major and Minor axes 
The term axis is sometimes used to denote the finite portion 
of either of these lines intercepted by the curve, but a 
special convention has to be made m case of the conjugate 
axis of the hyperbola, which does not meet the curve in real 
points [Art 33, Cor 1. 

The major and minor auxiliary circles are the circles 
described upon the transverse and conjugate axes as diame- 
ters , but when one Auxiliary Gn cle only is spoken of the 
circle on the transverse axis is signified It is easily seen 
from the next article that this is identical wnth the eccentric 
circle of the centre of the conic, the ratio of its radius GA 
to GX being equal to the eccentricity 

* Wo shall sometimes give proofs applicable to both curves, but with 
figures for the ellipse only In all 6uch cases the student should draw the 
figures for the hyperbola also 
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Supplemental Ghoi ds axe chords drawn from any point on 
the curve to opposite extremities of any diameter 

The Conjugate Pai allelogi am is the figure formed by 
drawing parallels to each of two conjugate diameters through 
both extremities of the other 

The locus of the point of concourse of a pair of tangents 
at right angles will be shewn to be a circle (Art 40), which 
we shall term the Orthocycle * 

32 The segments of the transverse axis 

Trt any central conic the vertices A and A' divide SX so 
that 

SA AX = SA' A'X, 

therefore SA AX = SA~SA' AX -A'X 

= SA + SA' AX + A'X, 
or by Lemma B, if C be the centre of the conic, 

SA AX = 2CS 2CA = 2CA 2CX 

-A S C HA W 

Thus each of the ratios CS CA and CA CX is equal 
to the eccentricity, and 

OS CX = CA 2 


The Ordinate. 

PROPOSITION L 

33 The square of the principal ordinate of any point on 
a centi al conic is m a constant ratio to the rectangle contained 
by its abscisses 

Let A and A' be the vertices, PAT the ordmate of any 
point P on the conic, Z and Z' the points in which AP and 
A'P or their prolongations meet the directrix 

* It has also been named the Director Circle, since in the parabola it 
degenerates into the direct ns and the lme infinity 
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If PM be a perpendicular to the dnectnx, and therefore , 
parallel to the axis, 

SP-SA'= PM • A'X [Def. 1. 

= PZ':A'Z', 

thcrefoie SZ* bisects the angle PSX, and in like manner 
(if p be taken in PS produced) SZ bisects the supplementary 
angle pi SX 



Hence the angle ZSZ' is a nght angle, and 
ZX ZX = SX 3 = a constant 
Moreover, since PX is parallel to the directrix, 

PX AX=ZX'AX, 
and PN • A'X = ZX : AX 

Hence PX 3 • AX A'X=ZX ZX • AX A'X 

=SX 3 AX. AX, 

or PX 3 is m a constant ratio to AX A'X. 

Corollary 

Let the length CB be determined by the proportion, 
CBT- : CA 3 =SX 3 . AX A’X 
Then m the ellipse 

PX 3 • AX. A'X = PN 3 • CA 3 - CX 3 = CB 3 CA 3 , 
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where GB is equal to the semi-axis conjugate, with which 
PA r coincides when N is taken at G In the hyperbola 

PN 2 AN A'N=PN 2 GN 2 - GA 2 = GW CA\ 

where we may agree to call GB the length of the semi-axis 
conjugate, although (Art 2) this axis does not meet the curve 
in real points The results of this corollary may also be 
written, 

GW + PN 2 GN 2 = GB 2 GA 2 , 

the positive sign being taken in the hyperbola and the nega- 
tive in the ellipse 

If Pn be an ordinate to the conjugate axis, it is easily 
deduced that in the ellipse, 



Pn 2 CB 2 -Cn 2 = CA 2 GB 2 , 
oi GA 2 -Pn 2 .Gn 2 = G A 2 GB % 

and in the hyperbola, 

Pn 2 GB 2 + Gn 2 = GA 2 GB 2 . [Fig Art 49 
PROPOSITION n 

34 The semi-axis conjugate is a mean proportional to the 
segments of the transverse axis made by either focus, and the 
latus rectum is a third proportional to the transverse and 
conjugate axes 

Since GS CA=SA AX = BA' A'X, [Art 32 
therefore GS+GA GA=SA+AX AX = SX AX 
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and CS-CA . CA = SA' ~A'X A’X= SX A'X 

Hence CS 2 ~CA 2 > CA : =SX 2 AX. A'X 

= GB 2 CA 2 , [Art. 33 

or OS 5 ~ CA* = AS A'S = GB 1 . 

If LSB be the semi-latus rectum, so that AS and A'S are 
the abscissas of L , 

SL 2 . AS A'S = GB 1 GA\ [Prop I 

and therefore SB CB = CB.CA 2 

Therefore SL CA — GB 2 , and LB is a third pioportional 
to the transverse and conjugate axes 


proposition in 

35 If the jmncipal oi dinettes of all points on an ellipse be 
pi oduced ouhuai ds in the ratio of the major to the minor avis, 
the points to which they are pi oduced lie on the circumfei ence 
of the auxiliary circle, and conversely 

Let P be any point on an ellipse, and let its principal 
ordinate PN be produced outwards to p in the ratio of CA 
to GB, so that [Fig p 64 

PN 2 . pX 2 = GB 1 : CA 2 = PIP : AX. A'X [Prop i 

Then ,pX* being equal to AX A'X, the locus of p is the 
circle on AA' as diameter, as was to be proved. 

Conversely, if the ordinates pX, qM .. in the circle be cut 
in the ratio of minority GB CA, the points of section 
P, Q . vail all lie on an ellipse whose semi-axes are equal 
to CA and GB [Fig Art 61 

In virtue of this relation wo are able to deduce a whole 
class of properties of the ellipse from properties of the circle* 

* The corresponding chords PQ and pq alvrajs meet on tho iras Henco 
the tangents at P and p meet on the axis, viz. m n point T suoh that 
CN CT=Cp-=CA- (Fig Art 45) Cf Art 08 Note that Art *47 (p G4) 
enables ns to deduce all the projective properties of the ellipso (Prop i not 
excepted) from the circle. 
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by the method of Orthogonal Projection, which will be ex- 
plained m Chapter vm 

Let the minor auxiliary circle cut any ordinate Pn 
(Fig p 46) to the minor axis m a point Q 

Then by Prop i Coi , and by a piopeity of the circle, 
Pn 2 is to Bn nB' (or Qn~) as CA* to GB* 

Therefore Pn Qn = GA GB. 

Hence and by the preceding converse, if the ordinates to 
a diameter of a circle be cut m a given ratio of minority or 
majority, the point of section will he on an ellipse having 
that diameter foi major or mmol axis 

PROPOSITION IV. 

36 At any point on a central conic the sqaaie of the 
ordinate to any diameter is m a constant t atio to the product 
of the corresponding abscissa} 

Let QYR be any double ordinate of a given diameter 
PP' and PV and P'Y the conespondmg absciss® We have 
to shew that QY 2 (or R V s ) vanes as PV VP' 



This follows at once from Art 16, Cor. 1, wheie it is 
shewn that QYYR (which is m this case equal to QY 2 ) is 
m a constant ratio to PWP', so long as the directions of 
QR and PP' continue unchanged. 

Put CD 2 CP* equal to this constant ratio, so that 

QY* PY VP' — GB* OP* 
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In the ellipse it is evident that CD is equal to the somi- 
diametei to which QY is paiallel, and that 

PYYP'^CP , -CV S , 

in all cases 

In the hyperbola also we may agree to call CD the length 
of the semi-diameter conjugate to CP, although it mil be 
seen (m the section on conjugate diameters) that one and one 
only of eveiy tno conjugate diameters meets the curve m 
leal points Supposing CP to meet the hypeibola, then 

QY* CY* — CP 2 = CD 9 CP\ 

or QY a + CD 9 • C V s = CD- CP- 

Hence also Qv* . Cv' + CD^-CP 2 GD\ 

if Qu (equal to CV) be an oidmate to the diametei CD, 
Inch does not meet the cuivc 

Corollary 

Hence, and by Art 16, Goi. 2, if FF' be the focal choid 
parallel to CD, and LL' be the Iatus lectum, 

FF' LL' - CD - . CBr = CD 2 \LL' GA [Ait 34. 

Therefore FF 1 . CA = 2 CD\ 

01 any focal chord is a third pioportional to the transverse 
aus and the'diametcr parallel to the chord 

The Focal Distances. 

PROPOSITION V 

37. The sum or diffeience of the focal distances of any 
point on a cential conic is constant and equal to the Uansveise 
axis 

Let II be the second focus (Ait 14) and Tl r thc foot of 
the corresponding duectnx. Through any point P on the 
curve draw a parallel to the axis to meet the directrices in 
M and N. Then 

SP PM = HP PF 

T G. 4 
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Therefoie 

SP*HP.PM*PN=SP PM, 



where PM + PiV is equal to WX in the ellipse, and PM ~ PH 
is equal to WX m the hyperbola 

Therefore SP ± HP is constant, the upper sign being 
taken for the ellipse, and the lower sign for the hyperbola 

By making P coincide with A, it is easily seen that m 
either case the constant length is equal to the transverse 
axis, so that 

SP±HP = AA' 

Corollary 

In the ellipse, if B be an exticraity of the minor axis, 

SB = HB = CA 


The Tangent. 

PROPOSITION VI. 

38 The tangent at any ’ point of a cential conic males 
equal angles with the focal distances of the point 

Let the tangent at P meet the directrices in R and 
R\ and let the paiallel to the axis through P meet the 
directrices m M and M Then, if S and S' be the coire- 
sponding foci, 


SP S'P^PM PM = PR PR', 
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or the sides about the angles at P in the triangles PSR and 
PS'R' are pioportionals 



Moreover the angles at S and S' in those triangles (being 
right angles) are equal. 

Therefore the triangles are similar and their angles at P 
arc equal (Euc vi 7) , that is to say, the tangent at P makes 
equal angles with the focal distances SP and S'P, and con- 
versely 

In the ellipse the tangent at P falls without the angle 
SPS', and bisects the angle which S'P makes with SP pro- 
duced (Fig Art 39) In the hj perbola the tangent bisects 
the angle SPS' internally. 

PROPOSITION VII 

39 The projections of the two foci upon any tangent to a 
central conic lie on the auxiliary circle 

Let S and S' be the foci Fand Y the feet of the pei- 
pendiculars let fall from them upon the tangent at any point 
P Then will Y and Y' lie on the auxiliary circle 

In the case of the ellipse, let SP pioduccd meet S'Y in 

4—2 
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5, then the tangent PY bisects the angle S'Ps (Prop Yi) 
and Ys is equal to Y S' 



And since Y' has been shewn to be the middle point of 
S's, and the centre C of the conic bisects SS', therefore GY is 
parallel to Ss and equal to ^Ss, That is to say, 

GY={(SP + Ps) = £ (SP + PS') 

— GA, [Pi op v 

or Y' lies on the auxiliary circle And m like manner it may 
be shewn that Y lies on the auxiliary circle. 

In the hyperbola it may be shewn in like manner that 

GY= GY = \ (SP ~ S'P) = CM, 

and thus that F and Y he on the auxiliary circle 


Corollary 1. 

Conversely, if F be any point on the auxiliary circle the 
stiaight line diawn from F at right angles to SY mil be a 
tangent to the conic It is hence evident that the extremities 
of any focal chord YSZ of the auxiliary circle aie the projec- 
tions of the focus S upon a pair of parallel tangents to the 
come 
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Corollary 2. 


h 


If the diameter parallel to the tangent at P meet SP in 
then 

Pk=CY = CA. 


PROPOSITION vm 

40 The rectangle contained by the peipendiculars fiom 
either focus of a central conic upon any two parallel tangents , 
oi' by the pei pendiculars from the two foci upon any tangent , 
is constant and equal to the square of the semi-axis conjugate 

Draw perpendiculars SY and SZ to any two parallel 
tangents Then since Y and Z lie on the auxiliary circle 
(Prop til) and YSZ is a straight line, 

SY SZ—SA SA ' = CB 2 , ' [Prop n 

as was to he proved. 

Again, with the construction of Art. 39, since YYZ is 
a right angle YZ is a diameter of the circle Hence the 
triangles GSZ and OS’ Y, having their angles at C equal and 
their sides GS, CZ equal to COS', CY each to each, are equal 
in all respects 

Therefore SY S’Y = SY. SZ = OPT-, 
as was to he proved. 

Coiollaiy 1 

If tangents he drawn to an ellipse from any point T, and 
if Y, Y and Z, Z? he the projections of the foci upon them, 
then since SY SY =SZ SZ', it is easily seen that the 


x 
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angle STY must be equal to S’TZ, for according as the 
angle STY is equal to or greater or less than S'TZ, the angle 
S'TY is equal to or greater or less than STZ', and the ratio 
of SY S'Y 1 to ST S'T is equal to or greater or less than 
the ratio of S2 S' 2 ' to ST S'T [See also Art 98 

Corollary 2 

In the preceding figure let the tangents be supposed to 
be at right angles Draw the auxiliary circle, viz through 
the points YY'ZZ', and draw TO touching it m 0 Then 

TO 2 = TY TY «= SZ S' 2' = CJT, 

and CT= CO 2 + TO 2 == CA 2 + CTT 

That is to say, the locus of the point of concourse of a pair 
of tangents at right angles is a cn cle, viz the Oi thocycle * 
In the hyperbola it will be found that the radius of the 
orthocycle is equal to V (CA 2 — CB 2 ) Consequently no real 
tangents at right angles can be drawn to a hyperbola m 
which CA is less than CB 

PROPOSITION IX 

41 A variable tangent to a central conic meets any fixed 
diameter at a distance from the centi e which varies inversely 
as the abscissa of its point of contact to that diameter 

First Case 

Let PCP' be a given diameter which meets the curve m 
real points P and P' Let the tangent at any point Q meet 



* See also note, page 44 
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that diametci in T, and let QFbe the oidmate of Q Then 
we shall shew that 

GV.GT=GP 2 

Let the tangent at P, which is paiallel to QV, meet QT 
m R, and let PO be drawn paiallel to RQ to meet QV m 0 
Then OPRQ is a parallelogram, and its diagonal RO bisects 
PQ 

But RO, since it bisects the chord of contact of the tan- 
gents from R, is a diameter and passes thiough the centie G 
of the conic [Art 13, Coi 2 

Therefore by parallels, 

CV GP — GO GR — GP GT, 
or CV GT is equal to CP 2 , as was to be pioved 

Second Case 

Let GP and CD be given conjugate semi-diameters of a 
hyperbola, whereof the foimei meets and the latter does not 
meet the cui ve [Art 36 

Draw QV and QT as in the first case, and produce QT to 
meet CD m t Then by paiallels, 

Gt GT= QV VT, 
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or QVCt GV GT—QV 2 GVVT 

= QV* GV 2 -GVQT 
Hence by the first case and by Art 36, 

QVGt CP 2 =QV S GV 2 - CP 2 
— CD 2 CP 2 , 

or Gv Gt—QV Gt — CD 2 , 

4 

if Gv be the abscissa of Q to the diameter GD 

Got ollary 

If the tangent at any point P meet the transverse and 
conjugate axes m T and t, and if PE and Pn be ordinates to 
those axes, then 

CN. GT = GA\ and Cn Gt = GW. 


The Normal. 

PROPOSITION X 

42 The normal at any point bisects the angle betiueen the 
focal distances of the point, vntei natty m the case of the ellipse 
and externally m the case of the hyperbola 

Let S and E be the foci, PG the normal at any point P, 
and TPt the tangent at that point 



\ 
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Then in tlio ellipse, PG being at light angles to the 
tangent, 

Z SPG + SPt = HPG + IIPT. 

And it has been shewn that the augles SPt, SPT aie 
equal and that the tangent falls without the angle SPS 
(Art 38) 

Therefore Z SPG — SPG, 

01 the normal bisects SPS internally. 

In the hyperbola it may be shewn in like manner that 
the normal at P bisects the angle SPS externally 

Gorollai y 

If the circle round SPS meet the conjugate axis in g and 
t, it is evident that the arcs Sg, Sg and the aics St, St aie 
equal Hence Pg and Pi are the two bisectors of the angle 
SPS, and the circle lound SPS passes though the points m 
which the tangent and normal at P meet the conjugate axis 

PROPOSITION XI 

43 At any point of a central conic the notmal, teimi- 
nated hy either axis, vanes inversely as the centi al perpendicu- 
lar upon the tangent 

Let the taugent at any point P meet the transverse and 
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conjugate axes in T and % and let the normal meet them in 
G and g 

Let PN and Pn be ordinates to those axes, and let PN 
and Pn or their prolongations meet the diameter parallel to 
the tangent at P in M and m, and let the normal meet that 
diameter m F 

Then, the angles at N and F being right angles, a cncle 
goes round FGNM, and therefore 

PG PF=PN PM = On Gt 

= OB* [Art 41, Cor 

In like manner, the angles at n and F being light angles, 
Pg PF—Pn Pm = CN GT 
= GA* 

Therefore PG and Pg vary inversely as PF, or as the 
central perpendicular upon the tangent at P 

Corollary 

Hence 

NG CN ~NG Pn — PG Pg = CB* GA\ 
or the subnormal vanes as the abscissa. [Def Art. 17 


Conjugate Diameters. 

PROPOSITION XII. 

44 Supplemental chords are parallel to conjugate dia- 
meters, and conversely 

Let POP' be any diameter and 0 any point on the curve. 
Then will the supplemental chords OP and OP’ (Def Art 
31) be parallel to a pair of conjugate diameters 

For if Q be the middle point of OP, and R the middle 
point of OP', the line CQ which bisects two sides of the 
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triangle OPP' is parallel to tlie third side P'0, and in like 
manner GR is parallel to PO. 


o 



Therefore the diameters OQ and GR are conjugate, since 
each bisects one chord (and therefore all chords) parallel to 
the other [Art 13 

Conversely, from any given point 0 on the curve or from 
the extremities of any given diameter PP' there can be 
drawn a pair of supplemental chords OP and OP' parallel to 
any assumed pair of conjugate diameters 

In the hyperbola it is evident that of every two supple- 
mental chords one lies within and the other without the 
curve, and hence that one and one only of every tioo conjugate 
diameters meets the hyperbola We shall in consequence have 
occasion to give separate proofs of some of the properties of 
conjugate diameters for the special case of the hyperbola 


Corollary 

This proposition determines the relation between the 
directions of any two conjugate diameters For in Art 
33, where AP and A’P may be parallel to any two such 
diameters, 

PIP .AN A'N=CF- GA\ 

and therefore if the ratio of PN to AN (or the direction of 
one of the diameters) be given, the ratio of PN to AN (or 
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the duection of the conjugate diameter) is lcnmvn Con- 
versely any two diameters whose dnections arc thus 1 elated 
will he conjugate provided that they lie m adjacent quad- 
rants in the case of the ellipse (Fig Art 45), 01 in the same 
quadiant 01 opposite quadrants m the case of the hyperbola 
If CP and CD be conjugate radii, CR and CR then pro- 
jections upon the axis, it is easily deduced that 

PR. DR CR CR = CD? CA a 


PROPOSITION XIII 

45 The sum of the squat as of any two conjugate dxameta s 
is constant in the ellipse, and the dijjetencc of then equates is 
constant in the hypet bola [See also Art 66 

(l) Let CP and CD bo conjugate semi-diameters of an 
ellipse, PR and DR puncipal oidmalcs 

Then because P, D aie on the curve (Ait 33), 

PR 2 CR 2 - CR 2 = DR 2 . OA-- CR- = Cl? . CA 8 , 
and because CP, CD aie conjugate, 

PR DR CR CR-C1P CA ! [Ait. 44, Cor. 



Hence CA S must be equal to CR S + CR S Foi this 
makes each of the ratios PR CR and DR CR equal to 
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QB'CA, and the latio PN DR * GN GR compounded of 
them equal to Cl ¥ GA~ Wheieas, if GA" weie not equal 
to GN S +GR 2 , the foimei ratios would be both greater 01 
both less than GB GA, and the ratio compounded of them 
greater 01 less than GB 1 GA S . 

Hence, because GP and CD aie conjugate, 

PN GR=DR GN = GB GA, 
and , CN n - + CR 2 = CA s , 

and therefore ~ P2P + DR 2 = GBr 

By addition, GP 2 + CD 2 = GA 2 + GB 1 , 

or the sum of the squares of any two conjugate diametei s is 
equal to the sum of the squat es of the axes of the ellipse 

(ii) In the hyperbola *, as will be proved m Arts 52, 89, 
PN. GR = DR GN —OB GA, 
and GP 1 ~ CD 2 = GA 2 ~ GB 2 . 


Corollary 1 

If P be any point on an ellipse, (BP + S'Pf = 4 CM 2 , and 
BP 2 + B'P 2 — 2GB 2 + 2CP 3 (Lemma D). Therefore, subtract- 
ing and dividing by 2, 

BP S'P = 2CM* - OS 2 - CP 2 = GA 2 + GB 2 — GP 2 

= CP 2 

The same may be pioved for the hypeibola in like manner, 
oi as in Ait. 86 


Corolla') y 2 

If the normal at P meet the transvcise axis m G, then 
by similar triangles ( GD being at light angles to the normal) 

PG GD—PN CR — GB GA. 

* No separate proof would bo wanted for the hyperbola if wo might use 
imaginary points (Schol p 70) 
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Similarly Pg CD = CA CB, 
where Pg is the normal terminated by the conjugate axis 

proposition xrv 

46 The conjugate pai allelogi am is of constant area, and 
equal to the rectangle contained by the awes 

Let PGP' and BCD' be a pair of conjugate diameters, 
and let a conjugate parallelogram be constructed by drawing 
parallels to each of them through the extremities of the 
other [Def Art 31. 



Let the normal at P meet DD' in F and the transverse 
axis m G Then since 

PG CD = CB CA, [Ait 45, Cor 2 

therefore 

PF PG PF CD=CB- CA.CB. 

Hence, the antecedents being equal by Pi op XI, 

PF CD = CA CB, 

and the conjugate parallelogram is equal to 4 PF CD oi 
AA' BF 1 

In the ellipse the paiallelogram described as above com- 
pletely envelopes the curve m the hyperbola two of its sides 
only touch the curve (Fig Art 50) 
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PROPOSITION XY 

47 The intercepts on any tangent between the curve and 
any two conjugate diameters contain a rectangle equal to the 
squai e of the semi-diameter parallel to the tangent 

Draw the tangent at any point P, the diameter PGP' and 

the conjugate semi-diameter CD 

* 

Let any- second pair of conjugate diameters meet the 
tangent atPml 1 and T, and draw the supplemental chords 
QP and P'Q parallel to GT and GT' [Art 44 



Then by similar triangles, if QV he an ordinate to PP', 
PT GP = QV .PV, 
and PT' GP = QV P'V 

Hence PT.PT' GP 2 = QV 2 PV FV 

= QD" GP 2 , [Art. 36. 

or PT. PT’ is equal to CD 2 , as was to be proved 

Corollary 

In the hyperbola the points T and t m which any two 
conjugate diameters meet the tangent at Q he on the same 
side of Q, as in the second figure of Art 41, and the two 
diameters may be supposed to coalesce In this case the 
intercept QT becomes equal to the parallel semi-diameter 
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CD A self-conjugate diameter is a tangent at infinity, 
smce it is parallel to the tangents at its own extiemities, 
which aie theiefore points at infinity, and a tangent at 
infinity must pass through the centre [Art 41 

*47 A new way of beginning the ellipse 

At a pomt P on the ellipse whose ordinate is PM 

SP NX = SA AX = the eccentricity "[Art 1 

Produce NP to p, so that ( A ' being the furtliei vertex) 

Sp pX=SA AX = SA' A'X, 



then pA bisects the angle SpX, and pA‘ bisects its supplement, 
and ApA! is a right angle, or p lies on the Auxiliary Circle. 

Hence by Euclid i 47, if e denote the eccentricity, 
pN* - PN 3 = Sp°- - SP* = e 8 (pX* - NX 2 ) = e 2 pN 2 , 
and therefore PN is m a constant ratio to pN 

Hence (1) an ellipse of any eccentricity can be described by 
cutting the ordinates to a chametei of a circle in a constant ratio 
(Fig p 47) , and (2) PN 2 vanes as AN NA', this being equal to 
pN~ m the circle, and (3), if PN 2 thus vary as AN . NA', it 
may be shewn conversely that SP NX is a constant ratio 
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48 If a straight line and a curve, being produced, con- 
tinually approach one another but never actually meet until 
they are produced to infinity, the straight line is said to be 
an Asymptote of the curve It will be seen that every hyper- 
bola has two asymptotes 

If GE and CP be two diameters of a hyperbola lying in 
the same quadrant, and EPE be an ordinate to the trans- 
verse axis, the diameters will be conjugate provided that 

EE PE GE* = GE GA s * 

If GP be made to coalesce with GE, it follows that 
EE GE = GB GA, 

a relation "which determines the position of the self-conjugate 
diameter GE The curve has also a second self-conjugate 
diameter GE making the same angle as GE -with the axis 

Smce one of every two conjugate diameters meets and 
the other does not meet the hyperbola (Art 44), a diameter 
which is self-conjugate should meet and yet not meet the 
curve The self-conjugate diameters accordingly coincide 
with the asymptotes, which meet the curve at infinity 
and do not meet it at any assignable distance from the 
centre See also Art 47, Cor. 

For the sake of uniformity of enunciation we shall at the 
outset speak of the lines GE and GE as the asymptotes, and 
shall then shew conversely that they possess the property 
from which the term asymptote is derived [Prop i Cor 

* In Art 44, Cor ,"let GD meet the ordinate of P in E 


T G 


5 
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It is to be noticed that the 'asymptotes are the diagonals 
of the rectangle formed by drawing parallels to each axis 
through both extremities of tlie other On the tangent at A 
take a length Aa equal to GB, then will Ca be equal to 08 
(Art 34), and Ca CA to the eccentricity Also it may be 
easily proved that the feet of the focal perpendiculars upon 
the asymptotes he on the auxiliary circle, and that each per- 
pendicular is equal to A a or GB and touches the eccentric 
circles of all pomts on the same asymptote 

[See also Arts 82, 84. 

PROPOSITION I 

49 The rectangle contained by the distances of any point on 
a hypei Lola from its two asymptotes is of constant magnitude 
(l) If the principal ordinate of any point P on the 
hyperbola meet the axis in A r and the asymptotes in E and 
E\ then 

PEP + GB OAT* = GB 1 • CA* [Art 33 
= EN*'CN\ [Art. 48. 



and therefore PiP + GB 2 is equal to EN 3 and 
PE, PE' = EB 73 - PN* = GB 3 . 
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(li) In like manner, if a parallel to AA! meet the curve 
in P,p and the asjnnptotes in e, ef, then 

Pe . Pe' = eP. ep = GA\ 

(lii) Nest let Pe he drawn in any specified direction to 
meet GE. Then the triangle PEe is given in species and Pe 
varies as PE, and therefore Pe PE is constant 

In like manner, if Pe' be drawn in any specified direction* 
to meet GE' the length Pe 7 varies as PE, and therefore 
Pe. Pe' is constant 

Taking for example the case in which PO the distance of 
P from one asymptote is measured parallel to the other (Fig 
Art 52), and GO is therefore equal to the distance of P from 
the latter asymptote measured parallel to the former, we 
have PO GO constant, and it may be shewn by making P 
coincide with the vertex that 

PO. CO = ±CS. iCS=i(GA* + Cl?) [Art 48 


Corollary 

Since PE PE' is constant and PE' continually increases 
with GE, therefore PE at the same time continually decreases 
Hence GE and the curve continually approach one another 
but net er actually meet until produced indefinitely}* 

proposition n. 

50 The intercepts on any tangent to a hyperbola between 
the curve and its asymptotes are equal to one another and to 
the parallel semi-diameter; and the opposite intercepts on any 
chord between the curve and its asymptotes are equal to one 
another. 

* In this construction Pe and Pc' are not required to be in the same 
straight line 

t The two branches of a hyperbola constitute one complete and con- 
tinuous cune, which may be regarded as the locus of a point moving as 
follows First let the point trace the quadrant AP and recede to infinit y 
in the direction CE then, travelling m the same direction, it reappears at 
the opposite extremity of the asymptote (Lemma H), traces the branch p’A'p, 
and finally the quadrant P’A. This appears plainly when the hyperbola is 
traced with the help of the eccentric circle, the point p (Art 6) being sup- 
posed to move continuously round the circle, governing the motion of the 
point P which traces the conic 


. 5—2 
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(i) Let the tangent at P be parallel to the semi-diame- 
ter CD, and let it -meet the asymptotes in T and t 

Through T dray, a chord aa' parallel to the axis Then 

TP- CD 2 = Ta Ta' CA 8 [Art 16 

= CA* CA°, [Piop i (n) 



oi TP is equal to CD, and in like manner tP is equal to 
CD Therefore 

PT=CD = Pt, 

as was to be proved 

It readily follows that every two parallel tangents as 
TPt and T'P’t' terminated by the asymptotes are sides of a 
conjugate parallelogram (Def Art 31), and conversely that 
every conjugate parallelogram has its diagonals coincident 
with the asymptotes 

(n) Next let any chord Qq parallel to the tangent TPt 
be produced to meet the asymptotes m R and r Then the 
diameter CP bisects Ri, ana it also bisects the chord Qq 

[Art 13, Cor 1 


THE ASYMPTOTES 


69 


Therefore the opposite intei cepts QR and qr aie equal 
and the opposite intercepts Qr and qR are equal, as was to 
he proved And the same may he shewn m like manner if 
the chord be supposed parallel to the diameter PP' which 
meets the curve in real points 


PROPOSITION in 

51 A chord of a hyperbola being cut by either asymptote, 
to determine the rectangle contained by its segments 

In the preceding figure, through R draw a chord aa' 
parallel to the axis Then 

RQ Rq CD* = Ra Ra! GA 2 [Art 16 

= CA* GA\ [Prop i (n) 

or, if Qq he any chord, RQ . Rq is equal to CD* See also 
Art 16, Cor 4 

In like manner rq . rQ is equal to CD* 

Hence Prop h may he deduced , and it follows that 
RQ Qr = rq qR — GD (i) 2 


PROPOSITION IV 

52 The difference of the squares of any two conjugate 
semi-diameters of a hyperbola is equal to the difference of the 
squares of the semi-axes , and the triangle contained by the 
asymptotes and any tangent is equal to the rectangle contained 
by the semi-axes 

(i) Let the tangent at P meet the asymptotes in L and 

M. Draw PY perpendiculai to GL, and bisect GL in 0 
Then, P being the middle point of LM (Prop ii), OP is 
parallel to the asymptotes GM, and the triangle OYP is given 
in species and OY vanes as OP 
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Also, by Euc I 47 and Lemma A, 

CP 3 ~ PL* = OF* ~L7 2 = 4C0 0 Y, 

where OF varies as OP, and therefore inversely as 00 

[Prop i 

Therefore OP* ~ OD* or OP* ~ PL* has a constant magni- 
tude, which may be shewn by taking P at the vertex to be 
equal to OA*~ OP* 



(u) The rectangle CL. CM is equal to 2C0.2P0 or 
OjS* (Art 49) Therefoie the triangle LCM is of constant 
area, and it may be shewn by taking P at the vertex to be 
equal to CA CB 

The Conjugate Pai allelogi am, which is four times the 
triangle CTt (Art 50), is therefore equal to AA' BB’. 


Scholium 

Although, m accoidance with an ancient corn ention, we ha\e 
assigned specific lengths to those diameters of the hyperbola 
which do not meet the curve (AH 36), such diameters have not- 
withstanding no leal extremities oi magnitudes, and it istheiefore 
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impossible to treat the ellipse and the hyperbola altogether simi- 
larly so long as we restrict ourselves to the conception of real 
points. It may seem that in the corollary of Art 33 the two 
curves have been treated similarly but this is not the case In 
the ellipse, regarded as the locus of a point P whose ordinate and 
abscissa are connected by the relation, 

PN * . CA S - CN°- = CP 3 CA S , 

we find (1) by making PN vanish that the transverse semi-axis is 
equal to GA, and (2) by making CN vanish that the conjugate 
semi-axis is equal to OB In the hyperbola, from the relation, 

PN 2 ON 3 — CA* = CK - . GA-, 

we find (1) by making PN vanish that the transverse semi-axis is 
equal to GA, and (2) by making GN vanish that the square of the 
conjugate semi-axis is equal to the negative quantity - GJP. In 
like manner, from the relation of Art 36, 

QY’-.cr-cr-^CD'.cF-, 

we find by making GY vanish that the square of the semi- 
diameter conjugate to GP is equal to the negative quantify - CD* 
For - GB* write Gfi 3 and for - CD 5 write (78 s , then the hyperbola 
may be treated as a quasi-ellipse, m which 

PIT CA 1 - GN* = G(P GA 2 , 

and Q V s GP 3 - C V s = (78* . CP*. 

As a property of this " ellipse ” we have 

CP 2 + CZ 2 =CA 2 + Cp, 

or CP 2 + (-GB*) = CA~ + (-CB !! ), 

which agrees with Art 52, except that strictly speaking we 
should say that the sum of the squares of any two conjugate 
diameters of a hyperbola is constant, the square of one of every 
two such diameters being negative and its length therefore imagin- 
ary In geometncal,proofs every step has its explanation upon 
the figure. But let the student, shutting his eyes to the figure, 
regard any property of the ellipse (for example) as implicitly con- 
tained in the relation between its ordinates and absciss®, and he 
will see that from any such property, in so far as it is expressible 
in terms of GB* and (717 s , he may pass at once to a corresponding 
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property of the hyperbola by writing — GB 3 for OB* and — CD* for 
CD 1 Thus, the radius of the oithocycle m an ellipse (Art 40, 
Cor 2) being equal to J(GA a + GB 3 ), its radius m the hyperbola is 
equal to J(GA a — GB 3 ) In the ellipse *9 Y S' Y' = GBr (Art 40), 
therefore in the hyperbola ST SY'-- GB *, or SY (- S' Y') = GB 3 , 
one of the perpendiculars having to be regarded as positive and 
the other as negative because they are drawn in opposite direc- 
tions, the tangent passing between the foci The same principles 
will be seen to be applicable to other pioperties for example, to 
the theorems of Arts 46 and 47 
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THE EQUILATERAL HYPERBOLA 

53 The Equilateral Hyperbola is a hyperbola whose 
latus rectum is equal to its transverse axis Its two axes 
being equal (Art 34), its asymptotes are at right angles, and 
it is therefore called also the Rectangular Hyperbola Its 
eccentricity is the ratio of the diagonal to the side of a square, 
the foot X of the S-directnx bisects GS, and 

\ GST-= GA 2 = 2 GT- = 2SX 2 . [Art. 32 

Also PH 2 = AH A'H— GH 2 - GA 2 , [Art 33 

and QT^PV.P'V^GV 2 - CP 2 *, [Art 36. 

since by Prop II every diameter is equal to its conjugate 

' The normal at P terminated by either axis is equal to 
CP or GD (Art 45, Cor 2), and therefore also to the intercept 
on the tangent between the curve and either asymptote 

[Art 50 

It remains to prove certain of the more distinctive pro- 
perties of this variety of the hyperbola, which bears the same 
hind of relation to the general hyperbola that the circle (or 
equilateral ellipse) bears to the general ellipse 

PROPOSITION L 

54 The angles between any two diameters of an equilate- 
ral hyperbola ate equal to the angles between the conjugate 
diameters 

Let any two diameters meet the »Sf-directrix in V and V; 
and draw SZ at right angles to SV and SZ' at right angles 

* This may also he deduced as a corollary from Prop i 
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I 

to SV', so that SZ and SZ' are the directions of the diame- 
ters conjugate to G V and GV' ' [Art 13 

Then since X is the middle point of GS, [Art 53 

£ VGV' = VSV' = ZSZ\ 

or the diameters GV and GV 1 are mchned at the same angles 
as their conjugates Thus any two conjugate diameters (Fig 
Art 55) make equal angles with the two axes they therefore 
make equal angles with either asymptote, and make comple- 
mentary angles with either aans 

Corollary 1. 

Let PP' be any diameter, Q and JR any two points on the 
curve , then since supplemental chords are parallel to conju- 
gate diameters (Art 44) the angle QPR is equal or supple- 
mentary to QP R, and therefore any chord of an equilateral 
hyperbola subtends equal or supplementary angles at the 
extremities of any diameter. 

Corollary 2 

In the second figure of Art 41 (supposing the hyperbola 
to be equilateral) it may be shewn by similar triangles that 

QT Qt = GQ 

and likewise that GV.VT=QV 2 , 
or GV CT = CV*-QV* = GP 8 

Corollary 3. 

Let ABG be a given triangle, 0 the centre of an equi- 
lateral hyperbola circumscribed to it, and abc the middle 
points of its sides Then since Ob and Oc are the diameters 
bisecting the chords AG and AB respectively, they contain 
an angle equal to the given angle BAG The locus of 0 is 
therefore a circle passing through b and c, and likewise through 
a, since be evidently subtends the given angle at a That is 
to say, the locus of the centre of an equilateral hyperbola cir- 
cumscribed to a given triangle is the nine-point cn cle of the 
triangle 
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PROPOSITION II 

55 Conjugate diameters and diameters at right angles 
are equal in the equilateral hyperbola , and the 01 dinates and 
abscissce of the extremities of any tivo conjugate semi-diameters 
are alternately equal to one another 

( 1 ) The difference of the squares of any two conjugate 
diameters being equal to the difference of the squares of the 
axes (Art 45), and the axes being m this case equal, it 
follows that every diameter is equal to its conjugate 

(li) Let CP and CD be conjugate semi-diameters, PA r 
and DR ordinates to the axis; and let PN produced meet 
the hyperbola again in P', so that CP' = CP = CD Then 

■ Z P’CD — PCN + DCN = a right angle, [Prop I 



or any two equal semi-diameters CP’ and CD lying in adjacent 
quadrants are at right angles, and conversely 

(iii) .Since the triangles CPN and CRD are similar 
(Prop I ), and CP = CD, it readily follows that 

PN = CR, and DR = CN, 
as was to be proved- 

Coi ollary 

Hence and from the relation CN 2 — PN 2 — CA 2 it may be 
deduced that ACPD = \CA? The conjugate parallelogram 
is therefore equal to 4>GA 2 
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PROPOSITION III 

66 If an equilateial hypeibola cucumscnbes a triangle 
it passes tin ough its 01 thocenti e, and conversely 

Let AD, BE, GF be the tin ee perpendiculars of a triangle 
ABG, and 0 the point in which they com tei sect, which is 
called the orthoccntic of the triangle 

Let a hj'perbola be supposed to pass through the foui 
pomts ABCO Then since AD DO — BD DC, its diame- 
ters paiallel to AD and BG are equal (Art 16, Cor 2), and 
in like mannei its diameters paiallel to BE and AC are 
equal, as also are those paiallel to GF and AB 



_ Hence the hyperbola through ABCO, having moic than 
one pair of equal diameters at right angles, must bo equi- 
lateral (Prop II ) , and it may be inferred conversely that 
every equilateral hypeibola, circumscribing a tnangle ABG 
must pass through its orthocontre 0 


The hyperbola was perhaps first discoid ed and traced from 
its asymptotes as the locus, xy = a constant (Avc and Mod G C) 
It may be called Acute, Oblme or Bight according to the asymptote- 
angle which bounds it The Rectangular 01 Rt hyperbola (Fig 
Art 49) would lime been discoveied first and as such, and -would 
afteiwaids have been seen to be “equilateral ” 
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57 An unlimited straight lme which passes through a 
fixed point m space and makes a constant angle with a fixed 
straight lme through the point generates a surface which 
is called a Gone The fixed point is called the Vertex, the 
fixed line the Axis, and the variable line in any position 
is called a Side or a Generating Line of the cone The 
constant angle between any two opposite sides of the cone is 
called its V&tical Angle The complete cone consists of 
two infinite sheets situated on opposite sides of the vertex, 
as m the last figure of this chapter 

This species of cone is more fully described as the right 
ciiculai cone, the sections of it made by planes at right 
angles to its axis being evidently circles Any such section 
may be regarded as the Base of the cone. 

In the special case in which the vertex is at infinity, and 
the generating lines are therefore all parallel to the axis and 
at nght angles to the base, the surface is called no longer 
a cone but a Cylinder 

In what follows we shall consider a plane through the 
axis to be the Plane of Reference and the Sections to be 
made by planes at nght angles thereto, so that the principal 
axis of a section will 'always he in the plane of reference 
It will appear from the following propositions that a plane 
section of a cone is in general a parabola, an ellipse or a 
hyperbola 
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PROPOSITION I 

58 The square of the principal ordinate in any section 
vanes as the rectangle contained by the corresponding ab- 
scissae 

Let A A' be the axis of the section and PN the perpen- 
dicular upon it from any point P of the section Draw the 


o 



circular sections of the cone through P, A, A', and let their 
diameters in the plane of reference be LM, AH, A' K respec- 
tively 

Then by similar triangles 

LN A'N—AH A A', 

MN AN=A'K AA', 


and 
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and by a property of the circle 

PN a =LNMN 

Therefore PN 2 • AN A'N=AH A'E AA'\ 

or the locus of P is an ellipse or a hyperbola, according as 
the plane of the section cuts all the generating lines of the 
cone on the same side of the vertex, as above, or cuts both 
sheets of the cone, as in the last figure of Art 59 In. either 
case the conjugate axis is a mean proportional to AH and 
A'K, and therefore the semi-axis conjugate is a mean •pro- 
portional to the perpendiculars from the vertices of the section 
to the axis of the cone 

When the plane of the section is parallel to a side of 
the cone, it may be shewn m like manner that PAP varies 
as AN and the section is a parabola 


Corollary 

In the cylinder (in which all circular sections are equal) 
an oblique section is always an ellipse having its minor axis 
equal to the diameter of the base, whilst its major axis may 
be of any length greater than that diameter Conversely 
any ellipse may he regarded as a plane section of a right 
. cylinder described on a circular base equal to the minor 
auxiliary circle of the ellipse 


The Focal Spheres. 

PROPOSITION h 

59. If a sphere he inscribed in a cone so as to touch the 
plane of a section, the point of contact of the sphere with the 
plane will he a focus of the section, and the plane of contact 
of the sphere with the cone will meet the plane of the section 
m the corresponding directrix 
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(1) Let a sphere be drawn touching a cone along the 
circle EQE', and touching the plane of a section at the 
point S , then will S be a focus of the section, and the 


0 



corresponding directrix will be the line MX m which the 
plane of contact EQE ' meets the plane of the section. 

For let P be any point on the section, PY* a perpen- 
dicular to the plane of contact, PM a perpendicular to MX, 
and Q the point in which the side of the cone through P 
meets the plane of contact ^ 

Then since the angle QPY is always equal to half the 
vertical angle of the cone, and the angle MPY to the angle " 
between the axis of the section and that of the cone, it follows 
that PQ PY and PY.PM and therefore also PQ PM are 
constant ratios 

Hence, the tangents PS and PQ to the sphere being 
equal, SP also is m a constant ratio to PM, that is to say, 


* This line is to be supplied m the diagram 
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the locus of P is a conic having the point S and the line 
MX for a focus and directrix 

(n) Every elliptic section has tvo focal spheies touching 
its plane on opposite sides, and every hyperbolic section two 
focal spheies touching its plane on the same side thus the 
tuo foci S, H and their directrices are determined in each 
case 


o 



Let the side of the cone thiough any point P of the 
section touch the focal spheres m Q and R, as m the annexed 
figures Thou PS and PQ, being tangents to the ^-sphere, 
arc equal, and PH and PR, being tangents to the if-spheie 
are equal. 

Hence, in the ellipse, 

SP + HP = PQ + PR = QR 


T G 
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And in the hypeibola, 

SP~HP—PQ~PR — QR 

In eithei case QR is of constant length, and may be 
shewn, viz by making P coincide with A, to be equal to 

AS±AH, or A A' 

Coiollaiy 

Diaw the tangent at P to the section and take any point 
T upon it Then PS and PQ, as being tangents to the 
^-sphere, are equal, and likewise TS and TQ aie equal, and 
PT is common to the two triangles SPT and QPT Hence 
their angles at P are equal, or at any point of a section the 
tangent malces equal angles with the focal distance and the 
side of the cone , 
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60 The Or ihogonal Projection or briefly the Projection 
of any point m space upon a plane, is the foot of the perpen- 
dicular let fall from the point to the plane The piojection 
of any line 01 figuie is detei mined by the projections of its 
seveial points. It is evident that the projections of any 
figure upon parallel planes aie equal aud similar 

PROPOSITION I 

61 Any ellipse may be projected into a circle equal to 
its minor auxiliary circle and a circle may be projected into 
an ellipse of any eccentr icxty having its major axis equal to 
the diameter of the circle 

(l) Describe a right cylinder upon a cuculai base equal 
to the minor auxiliary circle of the given ellipse , then the 
ellipse may be placed so as to coincide with one of the plane 
sections of the cylinder [Art 58, Cor 

The plane of the section is to be taken at such an incli- 
nation to the plane of the base that the projection of the 
major axis of the section upon the base may be equal to its 
minor axis 

(n) All the ordinates to a diameter A A' in a circle aie 
cut in the same ratio of minority GB CA by an ellipse 
whose major axis is AA! and whose minor axis is equal to 
2 OB [Art 35 



84 


ORTHOGONAL PROJECTION 


Hence if the plane of the circle be turned about AA' 
through a certain angle*, eveiy point P on the ellipse mil 



lie vertically under the corresponding point p of the circle, 
or the ellipse mil be the orthogonal projection of the circle 
Thus the circle is pro]ected into an ellipse having its major 
axis equal to AA', whilst its eccentricity increases with the 
acute angle between its plane and the plane of the circle 
and may be of any magnitude between zero and unity 

PROPOSITION II 

62 The pi ojections of pai allel sti aight lines ai e pai allel 
straight lines, and eveiy line or segment m a system of pai air- 
lels is in the same ratio to its pi ojection. 

( 1 ) The projection of a straight line upon a plane is the 
common section of that plane with the plane drawn at right 
angles to it through the line, since their common section 
evidently contains the piojections of all points upon the 
line and of those only 

Let Mg' be a finite straight line and M'Q’ its projection, 
so that the plane Mq'Q'M' is at right angles to the plane 
of projection 

* In both, cases of the proposition the cosino of the angle between the 
two planes must be equal to CB CA 
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Then if Mq be legardcd as a variable line belonging 
to a system of parallels , the planes by "which it is projected 


S' 



will be parallel, and their common sections M'Q' with the 
plane of projection will be parallel to one another, as was 
to be proved 

(n) Moreover, if MQ be drawn equal and parallel to 
MQ', the angle qMQ will be constant, and the ratio of Mq' 
to MQ or MQ' vail therefore be mvanable, as was to be 
proved 

In the special case m which the original parallels and 
their projections are at right angles to the common section 
of their planes the constant angle qMQ is equal to the angle 
between the planes 


PROPOSITION HI. 

G3 Any area in one plane is to its projection upon any 
other plane in a ratio which depiends only upon the angle 
between the planes 

In the one plane draw any number of perpendiculars 
pK, qM,. to the common section of the planes, and let PAT, 
QM, be their projections upon the other plane, so that 

PN.pN=QM qM — CB GA, 

where CB GA is a ratio determined by the angle between 
the planes * [Prop n 

* Compare the figure of Art Gl, supposing the planes of the two curves 
to be inclined at an angle whose cosine is equal to GJi CA 
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It follows that every rectilinear figure pNMq determined 
by the pair of perpendiculars pN, qM is to its projection 
PNMQ as GA to GB , and the aggregate of any number 
of such figuies is m the same ratio to the aggregate of their 
projections 

But any rectilinear figure in the primitive plane may be 
divided into elements by means of perpendiculars drawn 
as above, and any curvilinear figure may be regarded as 
the limit of a rectilineal figure whose adjacent angular points 
are indefinitely near to one another Tbeiefore any area 
whatever in the one plane is to its projection upon the other 
plane m the ratio of GA to GB, as was to be proved 

t 

PROPOSITION IV 

64 > The points of concourse of lines and of their pi ojec- 
tions correspond to one anothei', and the tangent to a cume at 
any point con esponds to the tangent at the pi ojection of the 
point 

(I) Since the projection of any line is determined hy 
the projections of its several points, if anj r number of lines 
straight or curved pass through a point, their projections 
must all pass thiough the piojection of the point For ex- 
ample, if a chord of any curve be drawn thiough a fixed 
point its projection null pass through the coiiespondmg fixed 
point in the plane of projection 

(II) If a straight line and a curve intersect in adjacent 
points P and Q, the projections of the stiaight line and the 
curve will mtei sect at the projections p and q of those points 
Hence, the projecting lines Pp and Qq being always parallel, 
if the points P and Q coalesce their projections must also 
coalesce, that is to say, the tangent to the original curve 
at P piojects into the tangent at p to the piojection of the 
curve 

We shall conclude by briefly indicating the method of 
applymg these piopositions, with lcfeience in the fiist instance 
to the ellipse 
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65 The Ai ea of the Ellipse 

It may be shewn by projecting a cncle into an ellipse 
that the area of any ellipse is to that of its auxiliary circle 
as GB to GA, and hence that the aiea of the ellipse is equal 
to it GA GB 

66 Conjugate Diametei s 

The middle points of any system of parallel chords m a 
circle may be projected into the middle points of a system 
of parallel chords m an ellipse But in the circle parallel 
chords are bisected by a straight line, therefore in the 
ellipse also parallel chords have their middle points in a 
straight line Hence it appears that diameters at right 
angles in the circle correspond projectively to conjugate 
diameters m an ellipse 

Hence a simple construction foi drawing conjugate dia- 
meters to an ellipse 

. On the circumference of its auxiliary circle take points 
p and d which subtend a right angle at G, and let their 
ordinates to the axis, viz pN and dR, intersect the ellipse in 
P and D then will GP and GD be conjugate radii. 

It is easily seen that pN is equal OR, and hence that 
CN* + GR? = CN* + pN s = GA*. 

It then follows as in Art 45 (i ) that 
GP* + GD* — GA* + GTP 
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67 The Segments of Chords 

Project an ellipse into a circle, or a circle into an ellipse 
Let POQ, P'OQ' be any two intersecting chords of the ellipse 
and CD’ CD' the parallel semi-diameters poq, p'oq' the 
correspon din g chords of the circle and cd, cd the parallel 
radn 

Then by Prop H and by known properties of the circle, 
OP OQ OD s = ojJ oq cd? 

= op', oq' cd' 1 
= OQ' CD' 1 , 

or the rectangles contained by any two intersecting chords 
of an ellipse are as the squares of the parallel semi-dia- 
meters 

68 The Tangent 

Any two tangents to a circle meet upon the diameter 
bisecting their chord of contact, viz at a point T such that 

CVCT=CP\ 

where V is the middle point of the choid, and P an ex- 
tremity of the diametei CT It readily follows by orthogonal 
projection that the same is true in the ellipse , and in like 
manner the property of Art 47 may be first proved for the 
circle and then transferred by piojection to the ellipse 

69 Propei ties of Polar s 

(a) If a chord of a circle passes through a fixed point 
the tangents at its extremities intersect on a faced straight line, 
and conversely 

In a circle of radius CA draw any chord PQ through a 
point 0, and let TP and TQ be the tangents at its extremi- 
ties Draw the perpendicular TH to CO, and let TH meet 
the chord in R, and let CT meet it m I 

Then since the angles at H and 1 are right angles the 
points H, I, T, 0 are concyehc, and ° 

CH C0=CI CT=CA\ 



ORTHOGONAL PROJECTION 


89 


Hence if 0 be a fixed point, GH is constant and RH 
is a fixed straight line, and conversely 



The line RH is called the Polar of 0, and the point 0 
is called the Pole of RH. 

If the point 0 he taken without the cnclc its polar will 
be the chord of contact of the tangents from 0 if the point 
be taken -within the circle its polar null lie wholly without 
the curve 

(b) Any chord of a ch cle is divided hai momcally by any 
point though which it passes and the polar of the point 

For in the preceding figure the points G, T, R, H are 
concyclic, so that 

OR 01 = OH 00=00*- CO GH 
= GO 1 ~ GA 1 
= OP. OQ 

Hence by Lemma B, since I is the middle point of PQ, 

2 OP OQ = 2 OR 01= OR (0P+ OQ), 
and therefoio PQ is divided harmonically at 0 and R 

These properties of polais may be extended to the ellipse 
by orthogonal projection Wo may remaik in passing that 
they are also true of the general conic . thus (to take a special 
case) the directrix is the polar of the focus [Art 7, Oor 
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70 The Eqmlatei al Hypei bola 

It readily follows fiom the property of the principal 
ordinate (Art 33) that an equilateral hyperbola may be 
projected into a hyperbola of any eccentricity, and vice vetsa 

In the equilateial hyperbola let the length of any semi- 
diameter CD which does not meet the curve be defined by 
the condition that it shall be equal to the conjugate semi- 
diameter CP let it be granted further that 

PUT 1 ~ DR* = CN* ~ CR ! = GA\ [Art 55 

and that the triangle CPD is equal to GA* 

It may then be deduced by projection that m the general 
hypei bola the difference of the squaies of any two conjugate 
semi-diameters is equal to CA* ~ CD 2 , and the area of the 
conjugate parallelograms to AA' BB' 

In like manner the property of the oidmate to any dia- 
meter m the general hjqjerbola (Ait 36) may be deduced 
fiom the special case of the equilateral hyperbola 
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71 It is evident that a circle and a come cannot inter- 
sect m an odd numhei of points, and it may ho inferred fiom 
Art 16, Cor 3, that they cannot intersect in moie than four 
points 

Let a cnclc and a conic intersect in four points Q'PQP', 
two or more of which may he supposed to become coincident 
And first let Q' coalesce with P Then the circle and the 
conic ha\e simple contact at P and intersect at Q and P', 
and their common tangent and then common chord QP’ 
are equally inclined to the a\is of the come 

Next let Q also coalesce with P Then the circle both 
touches and cuts the conic at P, and their common tangent 
and their common chord PP' are equally inclined to the 
axis of the conic 

Lastly let P' also coalesce with P. Then the circle touches 
the conic without cutting it at P and does not meet it 
again 

72 The ciicle which is the limit of a circle described so 
as to touch a conic at P and cut it at an adjacent point Q 
which ultimately coale c -ccs with P is called the Circle oj Cui'va - 
tuie of the conic at P Its centre, radius and diameter are 
called the Centi e, lladnis and Diameter of Curmtuie at P, 
and its chord drawn fiom P in any direction is called the 
Choi d of Curvaiuie of the conic at P m that direction The 
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circle of curvature iu general cuts the conic at their point of 
contact, but when this point lies on an axis of the conic the 
circle touches the conic without cutting it at that point and 
does not meet it again 


PROPOSITION I 

73 The focal chord of curvature at any point of a conic 
is equal to the focal chord of the conic pai allel to the tangent 
at that point 

Let a circle touch a conic at P and cut it at an adjacent 
point Q 

Draw the focal chord PSP' cutting the circle in U, and 
the focal chord RSR' parallel to the tangent at P , and let 
the parallel through Q to PP' meet the tangent m T, the 
circle m H and the conic in K 

Then by Art 16, Cor 2, 

TP 2 TQ TK—RR' PP', ~ 
and by a propeity of the circle, 

TP*=TQ TH, 



and therefore 


TH TK = RR' PP' 
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Hence in the limit, when Q coalesces with P and there- 
fore THE with PUP', 

PU PP' = RB! PP, 

or the focal chord of curvature PZ7is equal to the focal chord 
RE parallel to the tangent at P 


Corollary 1 


If PF be the chord of curvature at P in any direction, 
and SY be drawn parallel to it to meet the tangent m F, 
it may he shewn that 


pr=^. pu = ^ ns', 



which deteimines the chord of curvature of a conic at any 
point in any direction 


Corollai y 2 

It may now he deduced that in the Parabola, the choid of 
curvature at P through the focus, or parallel to the axis, 
being equal to iSP (Art 21), the diameter of curvature is 
equal to 

4 SP 2 4 SY 3 


SY 5 


or 


SA* ’ 
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where SY is the focal perpendicular upon the tangent at P, 
and in the Central Conics that, the focal chords of curvature 

being equal to (Art. 36, Cor), the central chord of 

20J) 8 

curvature is equal to ~Qp~ (Art 39, Cor 2), and the diameter 

„ A A 2CD* 2GD 2 .. , . 
of curvatuie to ^ ^ , or —pjp (Art 4b) 


Goiollary 3 

The focal chord of curvature at P m any conic is equal to 

S’P S'P 

4>SP (Art 45, Cor 1), and the ratio is equal to or 

less or greater than unity according as the come is a parabola, 
an ellipse or a hypeibola Conversely a conic is a parabola, 
an ellipse or a hypeibola accoidmg as its focal chord of 
cut vatui e at any point P is equal to or less oi greatei than 
4<SP*, the point P being supposed to lie on the S-branch 
in the case of the hyperbola This may also be pioved by 
shewing that SG is equal to or less or greater than SP accord- 
ing as iS, m Art 75, lies at the middle point of PU, or at a 
gieatei or less distance from P 


proposition n 

74 At any point of a conic the choi d of cm vatm e m any 
direction is to the chord of the conic m the same dn ection as 
the focal choi d parallel to the tangent is to the focal chord 
pat allel to the chord of curvature 

Let a circle meet a come in tbice adjaeent points QPQ', 
and let a chord P U of the circle meet QQ ' m V and the conic 


* The square of the velocity V at any point P of an orbit dosenbed 
under the action of a central force F being measuied by 

2Fx£ (chord of curvature through centre of force), 
a conic so described about S will be a parabola, an ellipse or a hyperbola 
according ns V s is equal to or less or greater than 2 F SP See Newton’s 
Prmeipia, Lib r prop 6 (sect 2), and prop 17 (sect 3) 
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again in P' Then it may be shewn by the method of Pi op l 
that YU is to VP' as the focal chord parallel to PP' is to 
the focal chord parallel to QQ' The requned result follows 
by making the points Q and Q' coalesce with P, in which 
case the circle evidently becomes the circle of curvature as 
defined in Art 72 


Thus the chord of curvature in any direction is deter- 
mined For example the central chord of curvature is at 
once seen to be equal to 


CD- 

CP 1 


. 2CP, or 


2 CD- 
CP 


75 A construction to detei mine the cento e of c urva- 
tut e at any point of a conic 

From Art 73, Cor 2, it leadily follows that at any point 
of a conic, 

, . . (normal) 3 

radius of curvature = >: • . , 

(i lat rect)' 

Hcnce the following construction foi the centre of curva- 
ture at P 

In the figure of Art 12 draw QU at light angles to 
PG to meet $P, and UO at nght angles to SP to meet PG 
Then 

PO PU_PG ? 

PU PG “ PIC * 

nn FG * 

01 F 0 ~ J>J£t » 

and therefore PO is the radius and 0 the centie of curvature 
at P 

In this construction PU is the semi-chord of curvature 

PG 1 

through S, and is equal to 
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THE LINE INFINITY 

76 The dn ection of the line Infinity is vndetei inmate 

For if a straight line diawn in any given direction m a 
plane be removed to infinity, it will evidently coalesce with 
the line Infini ty (Def 12), and will contain all points upon it 
since opposite points at infinity coincide 

[Lemma H and Prob 395 

The line Infinity may therefore be regarded at every 
point upon it as parallel or inclined at any angle to any 
straight line* 

Thus in the Parabola, to which it is a tangent (Art 26 or 
Prob 395), it may be legarded as at nght angles to every 
other tangent (p 44) 

The line Infinitj', while indeterminate in dn ection, is to 
be legarded in other respects as a single determinate straight 
line Thus it meets every curve of the nth degree in n 
single or an equivalent number of multiple points, and 
conveisely a curve which has such numbei of points at 
infinity is of the nth degree 

77. Every Lme-Gii cle contains the line Infinity 

For when the centre of a circle drawn thiough two fixed 
points is removed to infinity, the circumference evidently 
contains all points at infinity m its plane as well as the 
unlimited line joining the fixed points 

* Otherwise thus By tin extension of Euclid xi 3, tho Infinity loous 
which is the section of a plane by a parallel plane is to be regarded as a 
straight hne, and this line may evidently be regarded as the limiting 
position of a hne drawn m any given direction 
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The Focoids. 

78 All cu cles m a plane pass through the same two 
imaginary points on the line Infinity 

Let 4> and <}>' be the two imaginar} 1, points m which a 
given circle meets the line Infinity* These will he the 
same foi all circles m the plane 

For an arc AB of the circle which subtends any angle a 
at the circumference subtends that angle at <J> and df JBut, 
these points being on the line Infinity, any two lines and 
(fj A' through either point may be regarded as paiallel, and 
likewise any ti\o lines <$>B and §B\ so that 

= A$B = a 

That is to say, the points 4> and 4>' are such that any two 
straight lines through eithei may be regarded as intei sccting 
at any angle 

Considering any other circle, take on it points A and B 
The circle is the locus of the points at which A and B 
subtend a certain angle a. But at <j> they subtend an 
angle a Theiefore <J> is a point of the circle And similaily 
4 / is a point of the circle 

The points 4 > and 41 ' have been called the Circular Points 
at Infinity We shall call them the Focoids, on account of 
their relation to the foci of conics and other curves 

Every conic through the Focoids is a circle For, the 
circle determined by any three other points on such conic 
passing also thiough the focoids, the conic meets it m*five 
points, and therefore coincides with it 

[Art 71 and Prob 400 

79 A straight line though a Focoid may be regarded as 
inclined at any angle to itself 

For any two such lines, which contain an indeterminate 
angle (Art. 78), may be supposed to coalesce 

* The letter <Jj, while as the equivalent of F it stands for Focoid, serves 
also ns a symbol of the intersection of a circle by the line Infinity 

T G 


7 
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Conversely, any line which makes a finite angle with 
itself must pass through a Focoid 

80 The factors of a Pomt-Gii cle 

A circle being the locus of the vertex of a given finite 
angle whose arms pass each through a fixed point, when the 
fixed points coalesce the locus becomes a pair of straight 
lines through the Focoids. [Art 79 

That is to say, the Point-Circle at any point 0 is made up 
of the lines 04 > and 0$' 

Every point P on either line satisfies the relation, 

0P = 0 

since when the given angle at P is a right angle, OP is 
always equal to half the distance between the fixed points 

As an exercise in the properties of the Focoids see the 
article on Orthoptic Loci at the beginning of Yol XVI of the 
Messenger of Mathematics 

The Foci. 

81 The tangents to a conic from its Foci ate the lines 
joining them to the Focoids 

We assume that a directrix of a conic is the chord pf con- 
tact of the imaginary tangents to it from the corresponding 
focus [Art 69 

If now the pomt of contact P in Art. 9 be one of the two 
imaginary points in which the directrix cuts the come, so 
that PR vanishes while still subtending a right angle at 8, it 
follows that SP, which by hypothesis is the tangent to the 
conic at P, must pass through a Focoid [Art 79 

Hence the come has double contact with the point-circle 
at eithei focus, this being made up of the tangents to the 
conic from that focus [Art 80 

The foci of higher curves are defined as the opposite in- 
tersections of the tangents to them from <j> and <{/ 
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If the foci of an ellipse be so defined, it will have in 
addition to its foci S and S, two imaginary foci 2 and 2'. 
Their positions may be deduced from those of S and S’ by 
interchanging the axes: that is to say, by taking points 
2 and 2' on the mino: axis, such that 

£2 = C2' = - GA 1 ) 

To pass to the case of the hyperbola we have only to 
write — CB? for GJ?. [Scholium, p 70 

All conics which have the same foci S and S' touch the 
same four lines S<p, &<}>', Sty' , and all concentnc circles 
touch one another at (}> and <h' 

Every curve which touches the line Infinity has a pair of 
its Foci at the Focoids 


Scholium. 

Any circle in a plane being represented m rectangular coordi- 
nates by the general equation, 

ar J -if + Ax + 2?y + (7 = 0, 

all such circles pass through the same tv o imaginary points cf> and 
4>' at infinity as the point-circle whose equation is 

ar' + y 3 = (x xy) (x - iy) = 0 [Art 80 

But when we attempt to determine <{> and <J>' by means of the 
equation a? + if =0, we are met by the difficulty that the radius 
vector to either makes a certain angle 0, such that tan 6 = sfct, with 
the axis of x xvhalex.fr be its direction It seems to follow that 
the direction of the radius vector to <J> or <{>' and the positions of 
those points at infinity are indeterminate. The reason why this 
does not follow' is that the angle 6 is so far indeterminate that 

tan (0 + a) = = = ±i = tan 6 

' 1 i tan a 

If therefore a line bo such that it makes an angle tan -1 =t= t wnth any 
axis, it makes the like angle with any other axis This makes it 
possible for <{> and 4>' to be points which have each one determinate 
position, and they must be such points if every circle (not 
being a line-circle) is to have tw o points only at infinity 

7—2 
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Notice m Art SI tliat the relation, 


C2 = J(C£--CA i )=±% CS, 

is consistent with the propeity of every line S% tlnough a Focoid, 
that it makes an angle tan -1 ± i with any other line 


Since 



— c~t0 

gii 4 . g-J 6 h 


therefore e ,B = 0 or oo , or tO — =t= oo , and tliei efore 6 + a or 6 is of 
the form a ± t oo In other words the anomalous equation, 

tan (6 + o) = tan 6 = ± f, 

signifies that the tangent of the complex angle a * i fi appioaclies 
asymptotically to the limit ±ins j8 becomes infinite 

A straight line through a Focoid is commonly said to be only 
at light angles to itself, because m the expression for the tangent 
of the angle between y = mx, and y — m'x, the denominator 1 + mm‘ 
vanishes when m = m' = =M But the numerator m~m' also 
\ amshes, and the angle is indeterminate [Art 79 
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A NEW TREATMENT OF THE HYPERBOLA 

82 The asymptotes Use Fig Ait 49, adding Y, Y' 
Having proved that 

CS GA = GA GX = the eccentiicity, [Art 32 

with centre G and radius GA describe a circle cutting the 
directrix in Y and Y' Then 

GS. GX — GA* = GT-, 

and the angle GYS is a right angle, and SY touches the 
circle at Y The lines GY, GY' are called the asymptotes* 

83 Construction for points on the curve 

Produce PN, the ordinate of any point P on the curve, 
to meet the asymptotes m p, p'. Then (fig Art 85) 

pY NX = GY GX = the eccentricity [Art 82 

= SP NX, [Def 1 

or the intercept pY is equal to the focal distance SP Hence 
a circle round S of radius equal to pY cuts pp in points 
P, P' above and below the axis lying on the hyperbola 
Real points are thus determined when the ordinate is 

* The construction of Art G gives GY, GY' as the tangents from C to the 
hyperbola Their points of contact are at infinity (Art 7), the focal chords 
at right angles to SY, SY' being paiallel to GY, GY' 



102 A NEW TREATMENT OF THE HYPERBOLA 

drawn to the right of A or to the left of the further vertex 
or intersection, of the curve with the axis*. 

84 The laius rectum and the axes 

The tangent at the vertex A meets the asymptotes m 
points a, a' such that, GY being equal to GA, 

Aa = A a' = SY, 

and Ga — Oa — GS 



Draw the Semi-latus Rectum SB, and produce it to meet 
GY m r Then, GYS being a right angle (Ait 82), 

SY 2 = rY GY = rYGA=SB. GA. [Art 83 

Define the conjugate axis BB' as equal to the tangent 
aa', and theiefore of the length 2 SY Then GB is a mean 
proportional to SR and GA The triangle GYS gives the 
relations, 

GS SX = OR 2 , GS S = GA 2 + GB 2 

85 The principal ordinate and abscissa 

Pioduce PJS T to meet GY m p, as m Ait 83 

Then SY*+pY 2 = Sp* = pJY* + SN* [Ait 82 

= pN* + SB 2 ~Ptf 2 , 

* It will be seen that as pY increases from zero to infinity SN (winch 
for real points must be not greater than pY] either increases from SX, 
but less rapidly than pY, or first decreases to zero and then increases; 
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or, cancelling equals pF* and SP 1 (Art S3), 
SY- = pN 3 -PN\ 



Hence PIT* + SF - pN* = ^ ON 3 , 
or PN' + CB 3 GK 3 = GB 3 GA 9 [Art 84 

86. The focal distances Use fig Ait 49, adding F, J? 

Art 85 shews the symmetry of the curve and the con- 
sequent existence of a second focus S'* Let the asymptote 
GA’ meet the directrices as m F and Z. Then by Ait 83, 

S'P — SP = EZ—EY = YZ 

— 2GA 

The focal distances S'P, SP arc equal to GE + GA and 
contain a rectangle equal to CE S — CA S 

Hence SP S'P + GA 3 = GE 2 = EN* + CN 3 

= GP 1 + GB 3 , [Art 85 
which reduces to SP. S'P = CD 3 , by Art 52 

* Or thus, from PN 2 +S1- = EN ! , without using the prmciplo of sym- 
metry (Art 11) Find S' bejond the centre by drawing a parallel to CY 
at distance SY, and draw a perpendicular S'Z to Cl Then shew that, S'Z 
being equal to SY, EZ- = S' FT- - SY i = S'L n - - EN 1 + PN 2 = S'P 8 
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87 The cut ve in relation to vts asymptotes 

Since GB 2 = EN~ PN = EP (JEN +PN), [Art 85 

the cuive as it spreads out continually approximates to its 
asymptotes, EN and PN both increasing and EP therefore 
decreasing indefinitely Art 85 gives also, 

PE PE ' = EN - PN = GB 2 . 


- 88 Of chords m genet al 

In the figure of Ait 50 draw the ordinate of Q or q, and 
let it meet the asymptotes in E and E' Then, QE QE 
or qE qE’ being equal to GB 2 , the lectangle QR Qr 
or qR qr is of a certain constant magnitude so long 
as Qq remams parallel to itself (Art 49, m) Call this 
constant CP", and bisect Rr in V. Then it is easily seen 
that 

RV* - QV* = GPP = rV* -qV 2 , [Euc ir 5, Cor 

and hence that RQ — rq , and that, if Qq bo parallel to the 
tangent at P, then PT = Pt — OP , and that parallel chords 
as Qq are bisected by a diametei CP, and that 

QF 2 +CD S CV* = RV* 0^ 

= CP 2 OP 2 

The results of Ait 16 may bo deduced by the method of 
Art 97 

89 Conjugate diametei s 

In the same figure, let the diametei PP’ parallel to the 
tangent at P be defined as equal to Tt, and let PN and 
PR be the oidmates of P and P (as m Ait 45), and let them 
meet the asymptote GT in p and d Then, PP being 
parallel to one asymptote and bisected by the other, it may 
be shewn that Pd and pP are paiallel to the axis, so that 
PN = dR, and PR — pN, oi 

PN OR = PR ON = OB GA 
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Hence and “by Art 85, 

PJV= - DEr = GBr , GR 2 - GN 2 = CA 2 
By subtraction, GF 2 ~ CP 2 = CA* -GBr* [Euc L 47 

90 A. c/iorcZ parallel to an asymptote meets the hyperbola 
in one point only at a finite distance 

If a clioid FQ meet the diiectrix in ilf, 

SQ QM = SP : PM [Ait5 

If FQ be parallel to an as) mptote and SF — PM (Art 
83), then SQ . QM is a ratio of equality This is the case 
when Q is at infinity, and it is not othenuse possible 
Foi, if SQ weie finite .and equal to QM, then SF ± SQ 
would he equal to FQ, or two sides of a triangle togethei 
equal to the third side 


Scholium. 

If lines drawn m opposite directions be regarded as positn c 
and negative respectively, and if imaginary points (Scholium, 
p 70) he treated as subject to the same laws as points which can 
be marked on the figure, reason may bo shewn why one of every 
two conjugate diameters of a hyperbola should have its square 
negative In Art 51, with the figure ns drawn, the rectangle 
JtQ Rq is equal to a given magnitude CD' 1 for all chords Qq 
drawn in the same direction, and when G V is less than CP the 
points Q and q become imaginary' Call them 8 and S' when CV 
vanishes In this case R coincides with C and the rectangle 
becomes (78 (78', which must accordingly be equal to CD- But 
the seim-dinmeters (78 and (78', being opposite in duection, are of 
opposite signs, whereas RQ and Rq in the figuic are of the same 
direction and sign Therefore (7S 5 = - (78 (78' = - CD *, or the 
square of the diameter parallel to Qq is negative 


* A 6implor proof is given m Art 52, for which the conjugate hyperbola 
(Art 09) shewn m the figure is not wanted In drawing a fresh figure 
make LCM by preference an acute angle 



CHAPTER XII 

A COURSE FOR BEGINNERS 

[Some students in their fret reading of the subject may find it best (after 
reading Art 6) to take the three conics separately , as m this chapter It mil 
serve as an exercise to complete the duplicate proof s here given in outline ] 

The Parabola f 

Read Chap III with the parts of Chap II leferred to 
in it, 01 with Aiii 91 instead of Arts 7 — 9 The Corollaries 
of Art 13 may be read as belonging to Art 20 

91 The tangent according to Euclid? s definition 

In Fig Art 24 draw the line bisecting the angle SPM, and 
take any point t upon it other than P Then St (or tM) is greater 
than the perpendicular distance of t from the directrix, and (Prob 
1) t lies without the curve Thus the bisector of the angle SPM 
meets but does not cut the parabola at P, and is therefore the 
tangent at P, and conversely 

It follows that the angle PSR is a right angle 

Any point on the tangent at P is equidistant fiom SR and 
the directrix Hence (Art 6, end) the two tangents from a 
given point can be diawn and can be shewn to subtend equal 
angles at S 

92 QY 2 = 4SP PY ( Art 22) deduced from Art 30 

By Art 30 and similar triangles SPR, RPT (Art 28), 

QV 2 = iPR s = 4 SP PT = iSP PV 

But the proof by chord-pioperties is to be preferred, the 
moie so because of the converse m Art 22, Cor, which is wanted 
m Elementary Mechanics 

93 Equal focal chords arc equally inclined to the axis 

Foi m Ait 21, when the length SP is given there aie 

two positions of SP equally inclined to the axis, and two 
such of SO and of QQ at right angles to SO Art 16, 
Coi 3, so far as it applies to the parabola, may be read as a 
Corollary to Ait 23 
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The Ellipse. 

Read Chaps II. and IV. as chapters on the Ellipse, 
omitting all references to the Hyperbola Or begin with 
Art *47 (p. 64) In Art 8, the ratio of ST to TN being 
greater than the eccentricity, the line PR may be shewn to 
be the tangent at P according to Euclid’s definition 

94 The latv-s rectum and the axes 

Draw the minor semi-axis OB, nnd draw BM, SY perpen- 
dicular to the directrix and BM Shew fiom Def 1 and Art 32 
that SB = GA, and that the angle BSM is a right angle The 
triangle BSM shews tho relations between the segments of the 
axis, the minor axis and the latus rectum 

Thus GS SX = SY* = GBT - , 

and (Def 1), if SR bo the Semi-latus Rectum, 

SR CA = GS SX = CIP 

Compare Art 84, noticing the coincidence that an asymptote 
(like BM) is a tangent equidistant from the two foci 

93. The ordinate {Art 33) Proof ji om Art 13 

Draw PA, PA' (Art 33), and let the diameter of AP meet 
the directrix m V Then shew that 

PN AN = SX VX, 
nnd PN A'N - VX CX 

Hence PN* AN A'N = CS SX GS CX = CB i GA* 

96 QV S CP - CV 2 = CD® CP 3 P, oof from Au 41 

In Fig. Art 43, v, Inch suits the case of the axis, 

PN Cl = NT GT= CT- ON GT , 
or PN* is to PN Cl (or Cl?) as ON CT-CN 3 to CN CT, 
or PN 3 . CIP = GA* - ON- CA*. 

The lotteis only have to bo changed for tho general caso as 
stated m tho enunciation This may also be w ritten m the form, 
CV* CD* -CV* = OP* CD* 

97 Of chords m general (Art 16) Pi oof from Art. 96 

In Fig Art 36 let QR be any chord through a point 0 and 
V its middle point, CD the paiallel l.idius and CP its conjugate 
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Draw GO meeting the curve in q and draw qv an ordinate to CP 
Then because QV, qv are ordinates to CP, 

CD"-QV 2 GD i -qv > = CV* Cv" = 0 V s qv 3 , 
which is equal to 00 s Cq°, and is thei efore a constant ratio so 
long as 0 is a fixed point 

But CD° - QV S + OV s is to CD - - qv a + qv s in the same ratio 
OV 2 qv* 

That is to say, CD" - 00 OR varies as CD 1 , and hence 
QO OR vanes as CD" , and therefore, if Q'R' be any other chord 
through 0 and CD' the parallel radius, 

QO OR CD 5 = Q'O OR' CD' 1 

98 Any two tangents TP, TQ make equal angles with the focal 
distances ST, HT respectively ( Art 40, Cor 1) , 

a For a cncle lound T touches SP, SQ, IIP, IIQ (Anc and 
Mod G C Ait 49), and, given two tangents SP, HQ to a circle, 
their intercept on any third subtends a constant angle at the 
centre Hence SQ,IIP subtend equal angles at T 

l Or if SQ, HP meet m 0, and HQ be produced to a point 
R, as in the same figure, then by Euclid I 32 and Arts 9 and 38, 
l HTQ = J (OQR - OHQ) = $HOQ = STP* 

The Hyperbola 

Read Chap XI foi chord-properties, and Chapters II and 
IV chiefly for tangent-properties, drawing special figuies for 
the Hyperbola To diaw the normal at P, make CpG 
(Aits 85, 43) a right angle, and join PG 

99 The two hi anches of a hyperbola make up one curve 

This is shewn in the note on Art 49, Cor. (p 67) 

The diameteis of a hyperbola which do not meet it m 
real points are sometimes said to be termmated by the conju- 
gate hypeibola (Prob 259) But this brings m an unnecessaiy 
curve and is apt to mislead the student On the tiue 
lengths of such diameters see the Scholium to Chap XI 

• In the hyperbola the angles STP and HTQ are supplementary or equal 
according as the tangents are diawn to the snme branch or opposite branches 
But in all cases the perpendiculars from the foci to the tangents, each to each , 
subtend equal angles at their point of concourse 
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The General Conic. 

1 The distance of any point outside a conic from the focus 
is to its perpendicular distance from the dnectrix m a ratio gi eater 
than the eccentricity, and comeiscly 

2 If an ellipse, a parabola, and a hyperbola have the same 
focus and directrix, the ellipse lies wholly within the parabola, 
and the parabola wholly within the hypeibola 

3 Conics having the same focus and dn ectnx do not meet 

4 If SL be the semi latus l cetum, and SD bo drawn parallel 
to PR (Art 4) to meet the du ectnx, then 

SP PR = SL SD 

5 The segments of any focal chord subtend equal (or sup- 
plementary) angles at the foot of the dnectrix 

6 Determine the pole of the latus lcctum and the polar of 

the focus [Art 69 

7 If chords PR, QR be produced to meet the dnectrix in 
p, q, the angle between the focal rndu to p, q will bo equal (or 
supplementary) to half the angle between the focal ladn to P, Q 

8 If two tangents TP, TQ meet any third tangent in p, q, 
the angle between the focal radu to p, q will be equal (or supple- 
mentary) to half the angle between the focal radu to P, Q 

9 The lines joining the extremities of any two focal chords 
of a conic intersect on the directrix, and the focal distances of 
their intersections are at right angles 

10 If the directrix be removed to an infinite distance from 
the focus, as in Def 1, the conic becomes a circle Find what 
properties of the circle are contained m the theorem of Art 8 
and m Probs 7, 8, 9 
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11 If the focus and two points of a conic be given, the 
directrix must pass through one of two fixed points 

12 Having given two points on a conic and its focus and 
eccentricity, shew how to describe the curve 

13 Having given two points on a conic and its directrix 
and eccentricity, shew how to describe the curve 

14 Having given the focus and three points of a conic, shew 
how to describe the curve 

10 If PJV be the principal ordinate of any point P of a 
conic, then 

SP ± SL SN= the eccentricity, 
where SL is the semi-latus rectum 

1 6 Determine the condition that a chord of a conic may be 
greater than, equal to, oi less than the diameter of the eccentric 
cucle of its middle point 

17 If the point p (Art C) describe a series of circles about 
the same centre 0, the point P will describe a series of conics 
having the same focus and directrix, and the eccentricities of 
the conics will be to one another as the radii of the circles 

18 If pm be diawn perpendicular to the directrix (Art 6), 
then pm PM — OD SX Hence shew that every focal chord is 
divided harmonically by the focus and directrix 

19 At any point of a conic the tangent makes a greater or 
less angle with the focal distance than with the perpendicular to 
the directrix accoidmg as the eccentricity is a latio of minority 
or of majority 

20 If two conics have a common focus, their common chord or 
chords will pass through the point of concourse of their directrices 

21 If they also touch each other and the tangent at -the 
point of contact be drawn, and if from any point on this com- 
mon tangent second tangents be drawn to the conics, the line 
joining their points of contact will pass through the focus 

22 If the tangent at any point of a conic meet the directrix 
in D, and the latus lectum in L, then 

SL SD — SA AX 

23 The tangents at the ends of a focal chord meet the latus 
rectum at points equidistant from the focus 

24 The focal distance of any point on a conic is equal to 
the ordinate of the point produced to meet the tangent at an 
extremity of the latus rectum 
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25 If a chord of a conic subtend a constant angle at the 

focus, its envelope and the locus of its pole are conics having the 
same focus and directrix, and the eccentricities of the three are 
proportionals [Art 8 

26 The vertex of a circumscribed triangle whose base sub- 

tends a constant angle at the focus lies on a conic having the 
same focus and directrix. [Prob 8 

27 If TP be a tangent from T to a conic, and if the ordinate 
of T meet the curve in Q, the projection of ST upon SP is equal 
to SQ 

28 Shew that PN and Q2f m Art 15 meet on the axis 

29 Prove that the line PR in Art S is a tangent according 
to Euclid’s definition Prove also that Prop ii may be extended 
to chords as follows — If 0 be any point on a chord PQ, whose 
pole is T, and M be the projection of 0 upon the duectiix, and 
if the perpendicular from 0 to ST meet SP, or SQ, m L , then 

SL OM=SA AX 

30 Given the focus of a conic and a focal choid, the locus 
of the extremities of the latus lectum is a circle 

31 Given a chord of a conic and the angle which it subtends 
at the focus, the focal distance of its pole passes through a fixed 
point 

32 Any two tangents to a conic intercept upon a tangent 
drawn parallel to their chord of contact a length which is bisected 
at the curve 

33 The portion of any tangent to a conic intercepted between 
the tangents at the ends of the parallel focal chord subtends a 
right angle at the focus, and is divided by its point of contact 
into segments equal to the distance of that point from the focus 

34 If M be the projection upon the directrix of any pomt 
P on a come, shew that SM meets the tangent at the vertex 
upon the bisector of the angle SP3I 

35 Two sides of a triangle being given m position, if the 

third subtend a constant angle at a fixed pomt determine its 
envelope [Prob 26 

36 If a fixed straight lino intersect a series of conics which 
have the same focus and directrix, the envelope of the tangents 
to the conics at the points of section will be a conic, having the 
same focus, and touching both the fixed straight line and the 
directrix of the series of conics 
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37 If SY be the focal perpenchculai on the tangent at P, 
and X the foot of the directrix, then 

SY YX=SA AX 

Determine the locus of Y, and shew that it is the envelope of 
the circle on SP as diameter 

38 Shew also that XY meets the latus rectum at the foot of 
the perpendicular to it from P 

39 If the diameter at a point P on a come bisect the chord 
normal at Q, the diameter at Q bisects the choid noimal at P 

40 The normal PG (Art 11) becomes equal to .the semi- 
latus rectum when P coalesces with the vertex 

41 The perpendicular from G to SP vanes as the ordmate 
of P , and the line joining the foot of this perpendicular to the 
foot of the ordmate of P is parallel to SM 

42 If Q be any point on the normal at P, and if QL be a 
perpendicular to SP, and QM a perpendicular to the ordmate of 
P, then 

QL PM = SA AX 

43 The perpendicular to any focal chord fiom the intei sec- 
tion of the normals at its extremities meets the chord at a distance 
from one extiemity equal to the focal distance of the other, and 
the parallel to the axis from the intersection of the normals bisects 
the choid 

44 If P be the pole of any normal chord of a come, and Q 
the pomt in which it meets the directrix, the circle SPQ passes 
through an extremity of the chord 

45 A circle which touches a conic and has its centre upon 
the axis intercepts a constant length upon the focal radius to 
either pomt of contact 

46 If QQ' be the focal chord at nglit angles to the normal 
PG, then 

PG S =SQ SQ' [Prob 33, Art 15 

47 Construct a come of which an arc is given 

48 The parallel diameters of two similarly situated central 
comes of the same eccentricity bisect the same systems of parallel 
chords If the two comes be concentric ellipses or liypeibolas 
(or equal parabolas whose axes are coincident), shew that any 
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chord of the extenor conic is divided into pairs of equal segments 
by the interioi, and that any chord of the former which touches 
the latter is bisected at the point of contact 

49 The angle between any two chords of a conic is equal to 
the angle subtended at the focus by the portion of the directrix 
intercepted by the diameters which bisect the chords 

50 The polar of any point with lespect to a conic meets 
the directnx on the diameter which bisects the focal clioid 
through that point 

51 Any chord of a conic and the diameter which bisects 
it meet the avis and the duectnx respectively upon a line parallel 
to the focal distance of the pole of the chord Hence shew that 
in a central conic the polar of any point meets the axis at a dis- 
tance from the centre w hich varies invei sely as the central abscissa 
of the point. 

52 The tnangle -whose veitices are the focus of a conic and 
the intersections of the tangent and the diametei at any point 
with the avis and the directrix respectively has its orthocentre at 
the point in which the tangent meets the directnx 

53 Given the focus and directrix of a conic, shew that the 
polar of a gn en point with respect to it passes through a fixed 
point 

64. Deduce from Art 1G that the square of the oidinate 
at any point of a conic varies eithei as the distance of the foot 
of the ordinate from the veitox, or as the lectangle contained by 
the segments into wlucli it divides the axis 

55 Any focal clioid of a conic and the diameter winch 
bisects it meet the directnx (or any fixed stiaight line peipendi- 
cular to the axis) at points whose ordinates contain a constant 
rectangle Hence find the locus of the middle point of a focal 
chord Determine also the locus of the foot of the perpendicular 
m Prob 43 

56 Find the locus of the middle point of a chord of a conic 
■which passes through a fixed point in the axis 

57. Deduce from Art 10 that a line drawn from any pomt 
in the directnx of a conic is cut harmonically by the point, the 
curve, and the polar of the point 

58. If OTO' touch a conic in 1\ and if OPQ, O'P’Q' be a 
pair of parallel chords, then 

02” O'T*- OP OQ O'F O'Q'. 


t a 
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59 Hence shew that a line drawn tin ough any point is divided 
harmonically by the point, the curve, and the polar of the point 

[Art 13, Cor 2 

60 If a circle be drawn touching a conic at P and cutting 
it at Q and R, then mil QR and the tangent at P be equally 
inclined to the axis Shew how to diaw a circle touching a 
conic at any given point (othei than a vertex) and also cutting 
it at the same point 


The Parabola. 

61. If the ordinates or focal .distances of all points on a paia- 
bola bo cut m a given ratio the locus of the points of section will 
m either case be a parabola 

62 The perpendiculai from P to a choid AP meets the axis 
at a distance equal to the latus rectum from the foot of the 
ordinate of P. 

63 Cncles whose radii are m anthmetical progression touch 
a given straight line on the same side at a gi\ en point If to each 
cncle a tangent parallel to the gnen line be drawn, it will cut the 
cncle next laigci m points lying on a paiabola 

64 Pi me the following construction. Take any ordinate 

NP } and draw PM equal and paiallel to NA Dmde NP into 
any number of equal parts, and tin ough the points of section draw 
parallels p lt p«, p 3 , to the axis Dn ide MP into the same num- 
ber of equal parts in points 1, 2, 3, Then the lines p u p it p 3 
meet A 1, A2, A 3, respectively on the parabola 

65 Deduce fi om Ai t 19 that the middle points of all parallel 
chords of a parabola are .it the same distance from the axis 

66 A point on a parabola being gn en, if the focus also be 
given the envelope of the directiix will be a cncle, or if the 
directux be given the locus of the focus will be a cncle 

67 The directiix and one point being given, pioie that the 
parabola will touch a fixed parabola to which the given stiaight 
line is tangent at the vertex. 

68 Given the directrix of a parabola and two points oil the 
curve, two positions of the focus can be determined, oi gnen the 
focus and two points, two positions of the directrix can be deter- 
mined. 
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69 If two parabolas June a common focus, then common 
choid passes tlnough the intersection of their directrices and 
bisects the angle between them 

70 If two parabolas hai e a common directrix, their common 
chord bisects the straight line ironing their foci at light angles 

71 Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line, or which 
touches a gi\ cn circle and a gn en sti aight line 

72 Find the locus of a pomt which moves so that its shortest 
distance from a gn en circle is equal to its perpendiculai distance 
from a given diamotei of that cuclc 

73 Determine the position of P so that the triangle SPG 
(Art 24) may be equilateial 

74 If an equilateral triangle cncumscribc a paiabola, the 

focal radii to its -vertices pass each through the opposite point of 
contact [Ait 27 

75 A focal chord bemg drawn to meet the tangent at a con- 
stant angle, dcteiimnc the locus of then intersection 

76 The circle on a chord of a paiabola as diameter does not 
meet the directrix unless the choid passes tlnough the focus 

77 The circle described on any focal choul of a parabola as 
diameter touches the directux , and the cncle on any focal radius 
touches the tangent at the v crtc\ 

78 Circles being described on the segments of a focal choid 
as diameters, the straight line ]oining then centies subtends right 
angles at the intci sections of their common tangents 

79 Provo also that the squaics of then common tangents 
■vary ns the length of the chord 

80 A pomt within a parabola is nearer to the focus than to 
the directrix 

81 If P be any pomt on a paiabola -whose focus is S, and 
PM bo perpendiculai to thednectrix, pi ovo that the line bisecting 
the angle SPM is the tangent at P, according to Euclid’s definition 
of a tangent 

82. In Art 20 shew that the angle QOQ' is equal to the angle 
MTM'. In what case are these angles right angles 1 


8—2 
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83 Prove the following construction for drawing tangents to 
a parabola from an external point T With centre T and radius 
TS describe a circle cutting the directrix in M and N, then the 
diameters through these points meet the curve in the points of 
contact of the tangents 

84 Shew that all parabolas are similar curves 

85 A parabola being given find its axis and focus 

86 Shew how to place in a parabola a focal chord of given 
length 

87 The peipendicular to a chord of a parabola from its 
middle point V meets the axis at a distance equal to SX from the 
foot of the ordinate of V 

88 Shew that the locus of the middle point of a focal chord, 
or of any chord which meets the axis in a fixed point, is another 
parabola 

89 If PQ be a focal chord of a parabola, SA PQ — SP SQ 

90 The semi-latus rectum is a mean proportional between 
the puncipal ordinates of the ends of a focal chord And if AM, 
AM' be the conesponding abscissae, then AM. AM' = AS 2 

91 If PQ be a focal choid, AP, A Q meet the latus rectum at 
distances fiom S equal to the ordinates of Q and P 

92 If a leaf of a book be folded so that one comer moves 
along an opposite side the direction of the crease touches a para- 
bola 

93 The locus of the vertex of a parabola which has a given 
focus and a given tangent is a circle 

94 A triangle revolves about its vertex in one plane prove 
that at any instant the directions of motion of all the points of its 
base are tangents to a parabola 

95 The diameters through the extremities of any focal chord 
of a parabola meet the chords ]oimng them to the vertex upon 
the directrix and intei cept upon it a length which subtends a 
nght angle at the focus 

96 In Art 22 shew that QD- — AAS PY 

97 From a point 0 on the directrix of a parabola are drawn 
two tangents, and through the focus S two stiaight lines parallel 
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to these tangents, shew that the part of the directrix intercepted 
between these parallels is bisected m 0 

98 A circle can bo described touching any two diameters 
of a parabola and the focal radii to their extremities 

99. A chord QQ' is cut in 0 by a diameter winch meets the 
cune m P Shew that if R be a point on the curve whose 
abscissa is PO, and PV, PV' be the abscissae of Q, Q', then 
QV‘-Q’Y' S . Qr'--OP’=QV+Q'V' QV. 

Deduce that QY Q'Y'=OR° and PV PY' = PO> 

100 Any triangle whoso base is parallel to the axis of a 

paiabola has its remaining sides in the subduphcate ratio of the 
parallel focal chords [Art 30 

101 If PQ be a chord w Inch subtends a right angle nt A, and 
AN, AM be the principal abscissae of P , Q, then PQ passes through 
the fixed point K in the axis, where AK-iAS, and 

AN. AM- PN QM= IGyiS 3 

102. A chord PQ of a parabola is a normal at P and subtends 
a right angle at the vertex proic that SQ is three times SP 

103 If a ciicle cut a parabola m points 1, 2, 3 above the 
axis and m a point 4 below it, the difference of the ordinates of 
1, 3 is to the difference of their abscissae as the sum of the ordi- 
nates of 2, 4 is to the difference of their abscissae Deduce that 
the ordinate of 4 is equal to the sum of tho ordinates of 1, 2, 3 

Examine the cases m which (1) 1, 2 coalesce, (2) 1, 2, 3 
coalesce 

104 If 1, 2 and 3, 4 lie on opposite sides of the axis tho 
sum of the ordinates of 1, 2 ib equal to the sum of the oidmates 
of 3, 4 

105 If a circle and a paiabola touch in one point and in 
tersect m two others, the diameters of the parabola at the lattei 
points will meet the circle ngam on a parallel to the tangent at 
the formei 

106. The tangents at P, Q meet m T, and O is the centre of 
the circle TPQ prove that OT subtends a right angle at S and 
that the circle OPQ passes through S [Ait 27 

107 If 12 bo a point on a parabola and PS be produced to T 
so that ST =SP and the tangents TP, TQ be diawm, prove that 
the circle TPQ touches the cur' e m P 
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108 Two paiabolas which have a common focus and their 
axes m opposite directions intersect at right angles 

109 Two given parabolas have the same focus and axis, and 
any line through the focus cuts them in P, Q, P', Q' shew that 
the tangents at these points form a rectangle one diagonal of which 
goes through the focus 

110 Shew that the locus of intersection of tangents which 
are at right angles to two parabolas which have a common focus 
and axis is a straight line perpendicular to the axis Examine the 
case m which the directrices of the two parabolas coincide 

111 If from any point T on a faxed tangent a second tangent 
TP be drawn, the angle STP will be constant Hence shew that 
if two fixed tangents be cut by any thud m points p, q, the 
tnangle Spq will have its angles constant 

112 PQR being a circumscribed triangle, the perpendiculars 
from P, Q, R to SP, SQ, SR are concurrent 

113 If one tnangle can be inscribed m a given circle so that 
its three sides touch a given parabola, any number of triangles can 
be so described 

114 Deduce from Art 29 that if the tangents at P, Q meet 
m T, the circle through P touching QT in T passes through the 
focus 

1 15 Two fixed straight lines intersect m 0 prove that any 
cucle through 0 and through another fixed point S meets the two 
fixed lines again m points such that the chord joining them touches 
a faxed parabola whose focus is S 

116 The locus of the centre of the circle circumscnbmg the 
tnangle formed by two fixed tangents to a parabola and any 
other tangent is a straight line 

117 If two tangents to a parabola be cut by any third, 
their alternate segments have the same ratio, and this ratio is 
constant when the two tangents are fixed 

118 If the two tangents from any point on the axis of a 
paiabola be cut by any third tangent, their alternate segments will 
be equal 

119 If T be the point of concourse of the tangents to a para- 
bola at P and Q, and if p, q be the points m which any third 
tangent intersects them, then 

Tp Tq _ 



TOE PAltABOLA. 


119 


120 Shew that the envelope of a stiaight line which is cut 

in a constant ratio by three fixed straight lines is a parabola 
touching the three fixed lines (TProb 111 

121 The side PQ of a cucumscribed triangle PQR meets the 
directrix in D, and RN drawn perpendicular to PQ meets SD in 
i\ r ; prove that K lies on the circle PQR Deduce that if a 
paiabola be inscribed in a triangle, its directrix passes through 
the orthocentre 

122 Shew that one parabola can m general be described 
touching four given straight lines. 

123 Deduce from properties of the parabola the following 
geometrical theorems : — 

(l) If from any point on the circumscribed circle of a triangle 
perpendiculars be let fall upon its three sides their feet will be 
collmear 

(u) The circumscribed circles of the four triangles formed by 
any four straight lines meet m a point 

(m) The orthocentres of the four triangles formed by any 
four straight lines are collmear 

124 The loci of the centroid and the orthocentre of the 
triangle of Prob 116 are straight lines, and the locus of the 
centre of its nine-points circle is a straight line [Prob 120 

125 If from the focus S of a paiabola, ST, SZ be drawn 
perpendicular to the tangent and normal at any point, YZ will be 
parallel to the axis 

126 The normals at the ends of a focal chord intersect at 
right angles upon its diameter, and the locus of then intersection 
is a parabola 

127 The normal at any point is equal to twice the focal 
perpendicular upon the tangent, and is also a mean proportional 
between the focal distance of the point and the latus icctuni 

128 Two circles whose centres are on the axis of a parabola 
touch the parabola and one anothei Prove that the difierence 
of their radii is equal to the latus rectum 

129 Two points ate taken on .i parabola such that the sum 
of the parts of the normals intercepted between the points and 
the axis is equal to the part of the axis intei cepted between the 
noim.tls prove that the difference of the normals is equal to the 
latus rectum 
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130 The perpendicular ST being drawn to any tangent, a 
straight line is drawn through Y parallel to the axis to meet m Q 
the straight line through S parallel to the tangent prove that the 
locus of Q is a parabola 

131 The normal at any point is equal to the ordinate which 
bisects the subnormal at that point, 

132 The perpendicular to a normal to a parabola at the 
point m which the normal meets the axis envelopes an equal 
parabola, and the focal vector of the pomt at which the normal is 
drawn meets the envelope at the pomt in which the perpendicular 
touches it 

133 The locus of the foot of the focal perpendicular on the 
normal is a parabola 

134 The squares of the noimals at the ends of a focal chord 

are together equal to the square of twice the normal perpendicular 
to the chord [Prob 127 

135 The diameter through one end of a focal chord bisects 
the chord normal at the other 

136 A normal chord of a parabola produced to meet the 
directrix subtends a nght angle at the pole of the chord, and the 
polar of the middle pomt of the chord meets the focal radius to 
its point of concourse with the directrix upon the normal at its 
further extremity. 

137 If T be the pole of a chord PQ normal at P, and AN be 
the abscissa of P, shew that 

PQ PT=PN AN. 

138 Prove also that the straight line drawn from S at right 
angles to ST bisects QT 

139 If a parabola be made to roll upon an equal parabola, 
their vertices bemg initially comcident, the locus of the focus of 
the foimer will be the directrix of the latter. 

140 The tangent at any pomt meets the directrix and the 
latus lectum m pomts equidistant from the focus 

141 The vertex of a constant angle whose sides envelope a 
parabola traces a hyperbola having the same focus and directrix 

[Art 8 
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142 Tangents being diawn to a parabola from any point T, 
the diameters through tlieir points of contact meet any secant 
PQ which passes through T in M and N shew that 

TM 2 = T1P= TP TQ 

143 Given two chords of a parabola, find the direction of its 
axis, and shew that there are ti\ o solutions 

144 If a circle and a parabola touch and cut one another at 
the same point (Piob 60), their common chord is equal to four 
times their common tangent at that pomt, terminated by the axis 

145 If 11 be any point on the tangent at P to a parabola 
and if the diameter through R meet the curve in Q, then will RP 2 
vary as RQ 

146 A diameter meeting a chord and the tangent at an end 
of it is cut by the curve in the ratio in which it cuts the chord 

147 Draw a chord which shall be cut in a given ratio by 
a given diameter 

148 The intercepts on any diameter of a parabola between 
any two tangents and the ordinates of their points of contact to 
that diameter aie equal , and the triangle contained by the two 
tangents and the diameter is equal to half the trapezium bounded 
by their chord of contact, the two ordinates and the diameter 

149. Three tangents to a parabola form a triangle equal to 
half the triangle determined by their points of contact 

150 The area of a parabolic segment is to a triangle of the 
same base and altitude as four to three 


The Central Comes. 

151 In Art 33 shew that Z'Ap and ZpA' are straight lines 

152 The sides AD, DC of a rectangle ABCD are divided 
into the same number of equal parts, and straight lines are drawn 
from B, A respectively to the points of section Shew that cor- 
responding lines m the two senes meet on an ellipse whose axes 
are equal to the sides of the rectangle 

153 A parallelogram ABCD has its diagonal AC at right 
angles to the side AB If CD be divided into any number of 
equal parts, and stiaight lines be drawn from A to the points of 
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section, and if AG be divided into the same number of equal paits 
and straight lines be drawn fiom if to the points of section, then 
will corresponding lines m the two senes meet on a hyperbola 

154 Given one focus of a cential conic, a point on the cuivc, 
and the length of the axis , find the locus of the further focus, 
and the locus of the centre 

155 If two ellipses whose major axes are equal have a com- 

mon focus, they will intersect m two points only , and their com- 
mon chord will be at light angles to the straight line jomnig their 
centres [Art 5 

156 What is the locus of the centie of a cucle which touches 
two fixed circles ? 

157 Given a central conic, find its centie and foci 

158 Shew that the sum (or difference) of the focal distances 
of any point without the conic is gi eater than the transverse axis, 
and conversely 

159 Diaw a tangent to a conic parallel to a given line 

160 A come is drawn touching an ellipse at the extremities 
A, B of the axes, and passing through the centie C of the ellipse, 
piove that the tangent at G is paiallel to AB 

161 If the peipendicular from the centie on the tangent at 
P meet the focal distance SP produced m B, the locus of R is a 
circle whose diameter is equal to the transverse axis 

162 Given a focus of an ellipse, the length of the transverse 
axis, and that the second focus lies on a stiaiglit line, piove that 
the elhpse mil touch two fixed parabolas having the given focus 
for focus 

163 The circle inscribed m the triangle SPS touches SP in 
M, and SS m N Piove that PM = AS, and AN~= SP 

164 From a point m the auxiliary cucle straight lines are 
drawn touching the ellipse in P and F, piove that SP is paiallel 
to SP 

165 A diameter of an ellipse varies inversely ns the pei- 

pendiculai focal clioid of the auxiliary circle [Art 46 

166 If SY, SZ bo perpendiculars on two tangents which 
meet m T, the line thiough T peipendicular to YZ mil pass 
through S' 
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167 Given a focus S and two tangents, the locus of the 
second focus is a straight line 

168 If SY, SZ be drawn perpendicular respectively to the 
tangent and nonnal at any point, YZ will pass through the 
centra 

169 The ordinates to the axes at the points in which a com- 
mon diameter meets the major and minor auxiliary circles of an 
ellipse intersect two and two on the ellipse 

170 A given point Pina given stiaight line AB which slides 

between two fixed straight lines at right angles traces an ellipse, 
whose semi-axes are equal to AP and BP [Art 35 

171 Deduce the theoiems of Art 43 

172 A circle can be drawn tlnough the foci and the inter- 
section of any tangent with the tangents at the vertices 

173 Any diameter is divided harmonically by a double ordi- 
nate and the point of concourse of the tangents at its extremities 

174 The extenor angle between two tangents to an ellipse 
is an anthmetic mean to the angles which the chord of contact 
subtends at the two foci 'What is the corresponding theorem 
when the direction of the choid of contact falls between the 
foci? 

175 The focal radu to the two ends of a diameter make 
equal angles with the tangents thereat 

176 The oidinate PJV bisects the angle YjVY' (Art 39), 
and the points YNGY' are concyclic 

177 Also SY 2 GW — SP 2 CA±SP 

178 Also, if GD be the radius conjugate to GP, 

SY SP = GB CD 

179 The normal at P is a harmonic mean to SY, S'Y' (Art 
39), and is bisected by S’Y and by SY 

180 Tangents being diawn from any point on a circle 

through the foci, shew that the bisectors of the angles between 
them pass through fixed points [Art 40, Cor 1 

181 If the tangent and normal meet either axis m T, G, 
then OG GT= OS- 
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182 If P be any point on a conic whose foci arc S and S’, 

the cncles on SP, S'P as diametei touch the auxiliary cncle and 
liave for their radical axis the oidmato of P , 

183 The pole of the tangent at P with respect to the 
auxiliary circle lies on the ordinate of P 

184 A circumscribing parallelogram which has two corners 
on the directrices has the other two on the auxiliary circle 

[Art 7, Cor 

185 Prove that if one rectangle can be inscribed in a given 
circle so that its sides touch a given conic, any number of rectangles 
can be so described 

186. If an ellipse inscribed m a triangle has one focus at the 
ortliocentie, the other focus will be at the centic of the cncum- 
scnbing circle 

187 Prove also that the transverse avis of the ellipse is 
equal to the radius of the nine-points cncle of the triangle, and 
that the ellipse has double contact w ith the circle 

188 If an ellipse slide between two straight lines at right 
angles the locus of its centre is a cncle 

189 The straight line joining the foci subtends at the pole of 
a chord half the sum or difference of the angles w Inch it subtends 
at the extremities of the chord 

190 The poition of a noimal chord intercepted between the 

directnccs subtends at the polo of the chord half the sum of the 
angles which the stiaight lino joining the foci subtends at the ex- 
ticimties of the chord [Piob 44. 

191 The polo of any straight lino with respect to a central 
come may be found by joining the points m which it meets the 
dn ecti ices to the ncarci foci, and drawing perpendiculars through 
the latter to the joining lines 

192 Every ellipse has one pan of equal conjugate diameters, 
and they coincide with the diagonals of the l octangle formed by 
the tangents at the exti emitics of the axes Has -the hyperbola 
any conespondmg property? 

193 If CP and CD be conjugate ladu of an ellipse, 

(SP -CA)* + ( CA - SD)° = CS 3 

194 When is'tho sum or difference of conjugate diameters 
greatest, and when least ? 
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195 The tangent from X to the circle on XX' (Aib 49) as 
diameter vanes as the noimal at P, and the tangent to the 
auxiliary circle vanes as PX 

196 If X be a point in A A' produced the circles descnbed 
about S, S' with ladn AX, XA' meet on the hyperbola "What is 
the corresponding construction for the ellipse 1 

197 From a fixed point 0, OP is drawn to a given circle 
Find the envelope of a straight line through P inclined at a con- 
stant angle to OP 

198 In a central conic a circle thiough P and either G or g 
cuts off from the focal distances lengths whose sum is constant 

199 Gnen m an ellipse a focus and two points, the other 
focus describes a hyperbola 

* 200 TP, TQ arc the tangents from T , piove that a circle 
can be described with T as centre so ns to touch SP, IIP, SQ, 
and HQ, or these lines produced What does this become for 
the parabola! 

201 If P, Q be points on a ccntial conic, a confocal passes 
through the intersections of SP, S'Q and SQ, S"P , and the 
tangents at these points and at P, Q comtersect 

202 If PP\ DD' be conjugate diameteis of a liypeibola and 
Q any point on the curve, shew that QP 1 + QP' S exceeds QD * + QD' 3 
by a constant quantity 

203 Given two points of a parabola and tho dnection of its 
axis, the locus of the focus is a hyperbola 

204 A chord which subtends a light angle at the veitex 
meets tho axis m a fixed point 

205 P being any point on an ellipse, the locus of the centie 
of the circle inscribed m the triangle SPS' is an ellipse. What is 
the locus of the centre of the cncle touching the transv ei se axis of 
an ellipse, SP, and SP pioduced? 

206 In a liypeibola the locus of the centre of the cncle 
inscribed m tho triangle SPS' is a straight line , and the locus of 
the centre of the cncle touching the transverse axis, SP and S'P 
produced, is a hyperbola 
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207 If a hyperbola touches the sides of a qu.iduUtcj.il in- 
scribed in a circlo and if one focus lies on the cnclc, the other lies 
on the cucle 

208 The triangle whoso base is equal to the tiansvcisc axis, 
and its remaining sides to the focal distances of any external 
point, has its vei tical angle equal to the angle between the tan- 
gents to the conic from that point and its lemainmg angles to the 
angles wlucli eithci tangent subtends at the foci 

[Aits 39, 40, Cor 1 

209 The projection of the normal at any point, tcunimited 
by the conjugate axis, upon eithei focal distance is equal to the 
semi-axis transverse 

210 The focal distances of g (Art 42) meet the directrices 
upon the paiallcl to the axis thiough l 1 

211 If AM and A'M be taken on the axis equal to the focal 
distances of any point P on an ellipse, then 

CP*=cir-+CAr- 

Deduco the propeity of the principal ordinate 

212 If two ellipses having equal axes be placed -vertex to 
vertex, and one of them roll upon the otlici, cither of its foci will 
describe a circle about a focus of the latter 


213 The common diameters of equal, similar and concentnc 

ellipses are at light angles [Art 14, Cot 1 

214 The diagonals of auy parallelogram cn cumsci ibing a 
conic are conjugate diameters , and the sides of any inscribed 
parallelogiam are paiallol to conjugate diameters 

215 The sum or difference of the reciprocals of the squares 
of any two diameters at nght angles is constant 


216 The inscribed parallelogram -whose diameters nio at 
right angles envelopes a circle, the lecipiocal of the squaio of 

whose radius is equal to ± J!=, 

CA- GB~ 


217. Deteimme the positions of a choid of an ellipse which 
subtends right angles at both foci [Art 42, Cor 

218 The opposite sides of a quadrilateral descubed about an 
ellipse subtend supplementary angles at either focus 
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219 If a triangle ABC circumscube a conic the sum of the 
angles subtended by BC at the foci will exceed the angle A by two 
light angles 

220 An ellipse touches the sides of a triangle , prove that 
if one of its foci move along the arc of a circle passing through 
two of the angular points of the triangle, the othei will move 
along the arc of a circle passing through the same two angular 
points 

221 A circumsciibed quadrilateral whose diagonals meet at 
the centre of the come must be a parallelogram 

222 If P and Q be points on a conic, CM and CM their 
abscissae, and T the point in which PQ meets the axis, then 

CT (PM- QN) = PM CM- QN CM* 

223 If CP, CD and CP', CD' be conjugate radii, and if PM, 
DP be ordinates to CP, then 

CM" ±CPT- = CP' 2 , PM 2 a DR 2 = CD' 2 , 

and PM CR=DR CM=CD' CP 

224 The vertices of the conj ugate parall elogi ams of an ellipse 
lie on a similar ellipse, and their polars envelope a similar ellipse 
What are the conesponding properties of the hyperbola 1 

225 The parallelograms whose diagonals are any two dia- 
meteis and their conjugates respectively are equal 

226 With the orthocentre of a triangle as centre two ellipses 

are described, the one touching its sides and the other passing 
through its vertices prove that they are similar, and that their 
homologous axes are at nght angles [Art 46 

227 If two ellipses having equal major axes be inscribed m 
a parallelogram, their foci determine an equiangular parallelo- 
gram 

228 Any cn cle through the focus S and the further vertex A' 
of a hyperbola whose eccentncity is two, meets the curve m three 
points P, Q, R which determine an equilateial triangle, and con- 
versely the circumscribing circle of any equilateral timngle in- 
scribed in a hyperbola whose eccentncity is two, passes through a 
focus and the further vertex. 


* Equate the areas (OPT- CQT) and (CPM+PMNQ - QCN). 
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229 An y one of a senes of conterminous circular arcs may be 
trisected by drawing a pair of hyperbolas whose eccentricity is 
two, and whose centres and vertices trisect the chord of the arc 
How does it appear from this construction that the problem, to 
trisect a given angle, admits of three solutions 1 

230 Prove that in Piob 228 the focal radii SP, SQ, SR 
meet the curve in three other points which determine an equilate- 
ral triangle , and shew that the triangle PQR envelopes a fixed 
parabola having S and the /S-dnectrix for focus and directnx 

231 Draw a pair of conjugate diameters inclined at a given 
angle , and thence determine the axes and foci 

232 If two points E and E' be taken in the normal PG to an 
ellipse such that PE = PE' = CD, where CD is the radius conju- 
gate to CP, the loci of E and E' are circles, whose diameters are 
equal to the sum and difference of the axes of the ellipse 

233 Prove also that the axes bisect the angles between the - 
lines CE, CE' Deduce a construction for determining the axes 
of an ellipse when two conjugate diameters are given. 

234 For a hyperbola, the loci of E and E' are hyperbolas 
having their axes equal to the sum and difference of the axes of 
the given hyperbola 

235 The tangent at P meets any two conjugate diameters in 
T, t and TS, tH meet in Q , piove that the triangles SPT, HPt, 
TQt are similar, and also that the area of the triangle CPT varies 
inversely as that of CPt 

236 If the tangent at Q (Pig. Art 41) meet two parallel 
tangents m R and R', then will the radius parallel to the tangent 
be a mean proportional to QR and QR' Shew also that the 
radius parallel to 1 UP is a mean proportional to PR, P’R! 

[Art 47 

237 The common tangents to an ellipse and to a circle 
through the foci touch the circle in points lying on the tangents 
at the ends of the minor axis 

238 If any two points P, Q be given on a conic, prove that 
a third point R may be found so that the angle PRQ is a maxi- 
mum by the following construction 

Diaw a tangent paiallel to PQ, touching the ellipse m K, and 
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draw KR perpendicular to the major axis, cutting the curve again 
in R* * * § 

239 The two points on a central conic at which any chord 
subtends the greatest and least angles are at the ends of a diameter 
equal to that which bisects the chord 

240 If two chords be drawn from any point of a conic 
equally inclined to the normal at that point, the tangents at their 
further extremities will intersect upon the normal f 

241 Supplemental chords of a conic which are equally in- 
clined to the curve at their common point have their poles upon 
the orthocycle, and their sum or difference is equal to the diameter 
of the same $ 

242 A bifocal conic being defined as the locus of a point P 
the sum or difference of whose distances from two fixed points S, 
S' is constant, prove, by taking Eucbd’s definition, that the tan- 
gent is the bisector (external or internal) of the angle SPS' , and 
prove also the property of the directrices and the property of the 
principal ordinate§ 

243 Prove that two confocal conics of the same species do 
not meet|j 

244 If from any point of a conic tangents are drawn to a 

confocal conic, these tangents are equally inclined to the normal at 
the point [Art 40, Cor 1 

245 The bisectors of the angles between the tangents from 
any point are tangent and normal to the confocals through that 
point Prove that confocal comes cut at right angles 

* The chord PQ must subtend equal angles at I?, and a consecutive point 
on the curve Hence R lies on one of the segments of circles described upon 
the chord so as to touch the conic. 

+ If PQ, PQ' be two such chords and the normal PP' and the tangent 
at P meet QQ' m K, T respectively, Q'KQT is a harmonic range Then see 
Prob 59 

X Here the normal PP’ is an ordinate of QQ', and is parallel to the 
tangent at Q 

§ If P' be any point on the bisector of the angle SPS' then, for the ellipse, 
SP'+ S’P > SP J- S'P, and similarly for the hyperbola Also if in the ellipse 
' SP-*-S'P=2CA and CN be the abscissa, it may be shewn that 
SP 2 ~S'P S =4C7S CN and SPr*S'P=2e CN, 
where e stands for the ratio CS CA It may also be shewn (Lemma D) that 
(SP S'P) - -r (SP ~ S'P) • = 4 (C5S 2 + CN^-l-PN 2 ) 

Similar remarks apply to the hyperbola 

11 Conics which have the same foci arc called confocal conics 
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246 Draw figures illustrating a system of confocal conics, 
shewing that special cases aie, — a circle, a straight line perpendi- 
cular to the major axis, the line joining the foci, and its comple- 
ment* To what does the theorem that confocal conics cut at 
nght angles reduce when the two foci coalesce ? 

247 Shew that if the sides of a rectangle touch two confocal 
comes, its vertex lies on a fixed concentric circle 

248 Shew that for any two confocal comes, the difference of 
the squares of the distances from the centre of parallel tangents is 
constant 

249 If a circle be drawn through the foci of two confocal 
comes, cuttmg them in P, Q, the tangents at P, Q will intersect 
on the circumference of the circle 

250 If a chord of a central conic be produced to meet the 
directrices, the parts produced will subtend equal angles at the 
pole of the chord 


The Asymptotes. 

t 

251 Given the asymptotes of a hyperbola and a point on the . 
curve, determine the foci and directrices 

252 The perpendicular from a focus to an asymptote meets 
it upon the corresponding directrix, and the point of intersection 
lies on the auxiliary circle Shew also that the point of contact of 
the tangent from such a pomt of intersection lies on a focal 
radius parallel to the asymptote 

253 At any point P of a hyperbola SP is equal to a line 
drawn parallel to an asymptote to meet the directrix. 

254 If the tangent at any point P cut an asymptote in T, 
and SP cut the same asymptote in Q, then SQ=QT 

255 Shew that the asymptotes of a hyperbola may be re- 
garded as tangents whose points of contact are at infinity, and 
deduce that the lines from the foci to any point on the curve 
make with one of the asymptotes a triangle of constant perimeter 

[Art 9 

256 The line joining a pair of adjacent extremities of any 
two conjugate diameters is parallel to one asymptote and is bisected 
by the other 

The remainder of an u nl i mi ted straight line from which any part has 
been taken away is called the complement of that part 
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257 The asymptotes and any two conjugate diameters divide 
any straight line harmonically * 

258 Supposing the axes of a hyperbola to vanish whilst 
its eccentricity remains unaltered, determine the limiting form of 
the cun e f 

259 Given a pair of conjugate diameters, two hyperbolas 
can be described these have the same asymptotes, and every two 
diameters conjugate m the one are conjugate in the other J 

260. If two conjugate diameters of a hyperbola be equal, 
every two conjugate diameters must be equal and the asymptotes 
must be at right angles 

261 If two hyperbolas have the same asymptotes a chord of 
one touching the other is bisected at the point of contact 

262 If tangents be drawn to a hypetbola from any point on 
the conjugate hyperbola, their chord of contact will touch the 
opposite branch of the latter and be bisected at its point of 
contact 

263 The tangent to a hyperbola at P meets an asymptote 
in T and TQ is draw n parallel to the other to meet the curve m 
Q , pro\e that if PQ meet the asymptotes m L and J/j the line 
LM will be trisected at P and Q 

261 A hyperbola can be drawn through the ends of any 
two radii of an ellipse so as to have the conjugate diameters as 
asymptotes 

265 If through two points R, R' of a hyperbola lines be 
drawn parallel to the asymptotes forming the parallelogram 
RTR'Ty shew that TT goes through the centre C, and that 
CT CT as CP w here P is a point where CTT’ cuts the curve 

266 If the abscissa; on either asymptote of any number of 
points on a hyperbola are in arithmetical progression, their 
ordinates are in harmomcal progression 

267 The straight lines joining the points in w Inch any two 
tangents to a hyperbola meet the asymptotes are parallel , and 
the intercepts which the tangents make upon the asymptotes are 
bisected by their chord of contact 

* Prove that they divide the tangent at a vertex harmonically The 
theorem is really contained in Prob 250 Sec Lemma G 

t Hero the foci and directrices coalesce into the centre and the line along 
which the minor axis was measured 

X Two hyperbolas thus related are said to be coiyugate 


9—2 
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268 Find the locus of a point -which divides the part of 
any tangent intercepted between the asymptotes in a constant 
latio 

269 Find the locus of the centroid of a triangle of constant 
area contained by one variable and two fixed stiaight lines 

270 If the oidinate at P to either avis meets the neaiei 
asymptote m E, the peipendicular through E to the asymptote 
passes through the point in which the noimal at P meets that 
axis 

271 The four normals to a hyperbola and its conjugate at 
points ly in g upon a perpendiculai to either axis meet one anothei 
upon that axis 

272 Any tangent and its normal meet the asymptotes and 
the axes respectively m four points winch lie on a circle passing 
through the centre of the cuive, and the ladius of this circle 
vanes inversely as the perpendiculai from the centie on the 
tangent 

273 The intercept on any tangent between the asymptotes 
subtends at the further focus an angle equal to half the angle 
between them it also subtends a constant angle at the intersection 
of its normal with eithei axis 

274 The chords of intei section of any circle with the 

asymptotes are equally inclined to the axis Shew that this agrees 

with Piob 25S 
•* 

275 The products of the segments of any two intersecting 
- chords of the asymptotes aie as the paiallel focal choids of the 

hyperbola 

276 Any cucle which touches both branches makes an inter- 
cept equal to the transverse axis on either asymptote 

277 The lines joining a variable point on a hyperbola to 
two fixed points on it intercept a constant length on either 
asymptote 

278 v The axis of the two parabolas which ha's e a common 

focus and pass tlnough two given points are parallel to the 
asymptotes of the liypeibola which passes through therr focus and 
lias the given points foi foci [Piob 6S 
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279 If an ellipse and a confocal hyperbola intersect in P, 
an asymptote passes through the point on the auxiliaiy circle of 
the ellipse winch corresponds to P 

280 The area of the hypeibolic sector determined by any 
two radii CP, CQ is equal to the area cut off from the space 
between the asymptotes by the parallels from P and Q to either 
asymptote 


The Equilateral Hyperbola. 

2S1 The subnormal at any point of an equilateral hyperbola 
is equal to the central abscissa , the tangent from the foot of the 
ordinate to the auxiliary cncle is equal to the ordinate, and the 
projection of the noi mal (terminated by either axis) upon either 
focal vector is equal to the senn-axis 

282 The centre of an equilateral hyperbola circumscribing 
an equilateral triangle lies on the inscribed circle of the triangle, 
and the centic of the circle lies on the hyperbola 

283 The locus of the middle point of a straight line winch 
cuts off a constant aiea from a comer of a square is an arc of a 
rectangular hyperbola 

284 C Y being drawn perpendicular to the tangent at a point 
P of an equilateral hyperbola, the angle PCY is bisected by the 
transverse axis, and the triangles PC A, CAY are similar 

283 If CP, CD be conjugate radii of a l ectangular hyperbola, 
then will D be the reflexion of P with respect to one of the 
asymptotes. 

280 Any two conjugate somi-diameters contain equal and 
similar triangles with the ordinates and absciss® of their ex- 
tremities to any other dinmetcr 

287 The ends of the equal conjugate diameters of a series of 
confocal ellipses he on the confocal equilateral hyperbola. 

288 If PQ and PQ be any pair of supplemental chords of a 
rectangular hyperbola, the bisectors of the angle PQP are parallel 
to the asymptotes , and if the tangent at Q and its oidmate to PP' 
meet that diameter m T and F, then CP and TP subtend equal 
angles at Q, and the circle CQT touches QY 
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289 Diameters at right angles bisect chords at right angles , 
and any chord subtends equal oi supplementary angles at the ends 
of a perpendicular chord 

290 Of two chords at right angles or conjugate in direction, 
one and one only is a chord of a single branch 

291 On opposite sides of a chord of a rectangular hyperbola 
equal segments of circles are described Shew that the foui points 
in which the completed circles meet the curve again are the 
-vertices of a parallelogram 

292 Tangents to a parabola which include the supplement of 
half a right angle intei sect on an equilateral hyperbola [Art 8 

293. Eveiy right-angled triangle mscubed m an equilateral 
hyperbola has its hypotenuse parallel to the normal at the opposite 
angle Hence shew how to draw a tangent at any gnen point on 
the curve [Art 56 

294 The base of a triangle and the sum or diffeience of its 

base angles being given, the locus of its vertex is an equilateral 
conic Determine the asymptotes of the hyperbola by supposing 
the vertex of the triangle to be infinitely distant [Art 54 

295 The chords connecting the ends of a fixed diametei of a 
circle and of any double ordinate of the same intersect upon an 
equilateral hyperbola 

296 If on an arc AB of a circle whose centre is 0 there be 
taken two points P, Q such that arc AP=2 arc BQ, then a 
rectangular hyperbola described on AO as diametei so as to pass 
through the intersection of OB with the tangent to the circle at A 
will also pass through the intersection of AP, OQ 

297 Shew also that the hyperbola and the completed cucle 
intersect in three points (other than A ) which determine an 
equilateral triangle , and deduce that the problem, to trisect a 
given angle, admits of three solutions 

298 The opposite arcs cut off by any two diameters subtend 
equal angles at any point on the curve 

299 If two concentno rectangular hyperbolas are such that 
the axes of one are the asymptotes of the other, they cut each 
other at nght angles, and any common tangent subtends a right 
angle at the centre 

300. A circle through the centie and two points of a 
rectangular hyperbola passes also through the intei section of the 
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lines drawn from each of the two points parallel to the polar of 
the other 

301 Ellipses being inscribed in a paiallelogram, their foci he 

on an equilateral hypeibola [Prob 294 

302 A conic through the centies of the four circles which 

touch the sides of a triangle is a rectangular hyperbola, and its 
centre is on the citcumscnbing circle [Art 56 

303 A conic through the four common points of two 
rectangular hyperbolas is itself a rectangular hyperbola 

304 The tangents to an equilateral hyperbola at the vertices 

of an inscribed triangle meet two and two on the lines joining the 
feet of the perpendiculars of the triangle [Prob 59 

305 If each vertex of a triangle be the pole of the opposite 
side with respect to an equilateral hyperbola, the circumscribing 
circle will pass through the centre of the hyperbola* 

306 A circle and an equilateral hyperbola intersect in four 
points- if one of their common chords is a diameter of the 
hyperbola, the other is a diameter of the circle, and the tangents 
to the circle at the ends of this diameter are ordinates of the 
diameter of the hyperbola 

307 The circles described upon the six common choids of 
any two equilateral hyperbolas as diameters cut one another 
orthogonally m opposite pairs 

308 The circles desci ibed on parallel chords of an equilateral 
hyperbola as diameters lia\ e a common radical axis 

309 A circle meets -an equilateral hyperbola m four points 
O, P, Q, It and 00 ' , PF, QQ’, PR’ are diameters of the hyper- 
bola prove that O' is the orthocentre of the triangle PQP, and 
similarly for the others 

310 Two circles touch the same branch of an equilateral 
hyperbola and touch each other m the centre, prove that the 
chord of the hypeibola joining the points of contact subtends at 
the centre an angle equal to the angle of an equilateral triangle 


* A triangle each of whose cortices is the pole of the opposite side with 
respect to a conic is called a self-conjugate or self-polar triangle 
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The Cone. 

311 In Art 59 shew that AS = A'S, and SH = OA ± OA' 

312 A conic section may be regarded as the locus of a point 
the sum or diffeience of whose distances fioin a point in its 
plane and a point without it is constant 

313 Expi ess the eccentricity of a section of a cone in terms 
of the angles which the axis of the cone makes with its sides and 
with the axis of the section* 

314 The sections by identical planes of the cones touching 
two grs en spheres have their eccentricities m a constant ratio 

315 All sections of a right cone made by planes paiallel to 
tangent planes of the cone aie paiabolas, and their foci lie on a 
cone having with the first a common vertex and axis 

316 If two or more plane sections have the same dnectiox, 
the corresponding foci be on a straight line through the veitex of 
the cone 

317 The sphere having for diameter the line joining the 
centres of the focal spheres of a section contains its auxiliary 
circle 

318 The perpendiculars upon any tangent to a section from 
the centres of its focal spheres are at right angles to one another 
Deduce that the product of the focal perpendiculars upon the 
tangent is constant 

319 If T be any point on the tangent at P to a section, the 

two tangents to it from T are inclined at the same angle as the 
tangents TQ, TR [Art 59 (u )] to the spheres Deduce the pro- 
perty of the orthocycle [Art 59, Coi 

320 The conjugate axis of a section is a mean proportional 
to the diameters of its focal spheres 

321 The latus rectum of any section whose plane touches a 
sphere about the vertex of the cone as centre is equal to the 
diameter of the circular sections whose planes touch the sphere. 

* One form of the value of the eccentricity is cos a see (3, where a and B 
are the inclinations of the axis of the cone to the axis of the section, and to 
a side of the cone respectn ely 
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322 The sections of n cone by parallel planes are snmlai 
cunes, and the asymptotes of the hyperbolic sections made by 
parallel planes are parallel to the sides of the cone which lie on 
the parallel plane through its vertex 

323 Shew how to cut a section of maximum eccentricity 
from a given cone 

324 A conic section may be regaided as the locus of a point 
the sum or difference of the tangents fiom which to two fixed 
circles is constant 

325 The vertex of a light cncular cone which contains a 
given ellipse lies on a certain hyperbola, its axis touches the 
hjperbola, and the sum or difieience of the distances of a cunent 
point on the ellipse from any tw o points taken on opposite branches 
or the same branch respectn ely of the hyperbola is constant 

[Prob 312 


Projection. 

326 Prox e by the method of projection that tangents to an 
ellipse at the extremities of any choid intersect on the diameter 
which bisects the chord 

327 Deduce from a known property of the circle that the 
area of the conjugate parallelogiam of an ellipse is constant 

328 UP, TQ me tangents .to an ellipse, and CP', CQ' are 
the parallel radii , pi oxe that PQ is parallel to P’Q’ 

329 Any tw o sitnilai and coaxal ellipses may be projected 
into concentnc circles Hence shew' that a chord of an ellipse 
which always touches a similar and coaxal ellipse is bisected at its 
point of contact, and that it cuts off a constant area fiom the 
outet ellipse and shew that the poi tions of any chord intercepted 
between the two curves are equal. 

330 Find the locus of the point of intersection of the 
tangents at the extiemities of pans of conjugate diameters of an 
ellipse 

331 Find the locus of the middle point of the lines joining 
the extremities of conjugate dmmeteis 

332 Any two radii of a circle and a pair of radii at right 
angles theieto determine equal triangles what is the correspond- 
ing property of the ellipse ? 
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333 The orthogonal projection of a parabola is a parabola , 
and an ellipse or hyperbola may be projected into an ellipse or 
hyperbola of any eccentucity 

334 If a chord of an ellipse and the tangent at its extremi- 
ties contain a constant area, the chord cuts off a constant area 
from the ellipse and touches a similai ellipse, and the tangents at 
its extremities intersect on another similar ellipse 

335 A polygon described about an ellipse so as to have its 
sides bisected at their points of contact is of constant area, and 
the polygon formed by joining every two successive points of 
contact is of constant aiea 

336 Any double oidmate to a given diameter of an ellipse 
being divided into segments whose product is constant, the point 
of section traces a similar coaxal ellipse 

337 Prove that the greatest triangle which can be inscribed 
in an ellipse is that winch has its sides parallel to the tangents at 
its angulai points and its centroid at the centre of the ellipse 

33S The least triangle circumscribing a gncn ellipse has its 
sides bisected at the points of contact 

339 The greatest ellipse which can bo inscribed m a grven 
parallelogram is that which bisects its sides 

340 If a triangle be inscribed m an ellipse, the parallels 
tlnough its vertices to the diameters bisecting the opposite sides 
meet m a point 

341 Parallel chords drawn to an ellipse tlnough the 
extremities of conjugate diameters meet the cuwe again at the 
extremities of conjugate diameters 

342 Through the centre of an ellipse and the points of 
concourse and contact of any tw o tangents a snmlai and sinnlnily 
situated ellipse can be drawn 

343 Through a given internal point draw a straight line 
cutting off a minimum area from a given ellipse 

344 If the tangent at the vertex A of an ellipse meets 
a similar coaxal ellipse in T and T, any chord of the former 
drawn from A is equal to half the sum oi diffeience of the 
parallel chords of the latter tlnough T and T' 

345 The tangents to an ellipse at P and F are paiallel, any 
two conjugate diameters meet them in JD and D\ and any third 
tangent meets them in T and T , shew that 

PD PT=P'T FD' 
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346 A tnangle ABC inscribed m an ellipse has its centroid 
at the centre of the ellipse , shew that the tangents at the opposite 
extremities of the diameters through A, B , G form a tnangle 
similai to and four times as great as the triangle ABC. 

347 If two conjugate hypeibolas having a pair of conjugate 
diameteis of an ellipse for asymptotes cut the ellipse at points 
lyuig on foui diameters 1, 2, 3, 4 taken in order then will 1, 3 
and 2, 4 be conjugate m the ellipse, and 1, 4 and 2, 3 m the 
hyperbolas 

348 The locus of the middle point of a chord of an ellipse 
drawn tluough a fixed point is a similar ellipse, having its centie 
midway between the fixed point and the centre of the given 
ellipse 

349 Given the directions of two sides of a tnangle inscribed 
m a given elbpse, determine the envelope of its thud side 

350 Prove that the perpendiculars from any point on a 
circle to a fixed choid and to the tangents at its extremities are 
continued proportionals Wlmt is the corresponding property of 
the ellipse? 


Curvature. 

351 The radius of curvature at an extremity of the latus 
lectum of a parabola is equal to twice the normal 

352 The diameter at either extremity of the latus rectum of 
a parabola passes through the centre of curvature at its other 
extremity 

353 Determine the position of the common chord of a 
parabola and its circle of cuivature at an extiemity of the 
latus tectum 

354 The circle of curvature at a point P of a conic cuts off 
from the diameter through P a portion equal to the parameter of 
that diameter*. 

355 If the tangent at any point P of a parabola meet the 
axis in 3T, and if the cncle of curvature meet the curve m Q, then 
PQ = iPT. 

* The parameter of any diamoter of n central come is defined as a third 
proportional to that diameter and its conjugate 
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356 At any point P of a parabola, if FT be the projection of 
SP upon the tangent, the chord of curvature thiough the vertex 
is a third proportional to AP and 2 PY 

357 If R be the middle point of the radius of curvature at P 
m a parabola, PR subtends a right angle at S 

358 The ladius of curvatuie at any point of a parabola is 
double the portion of the normal intercepted between the curve 
and the directrix 

359 Shew that the centre of cuivatuie may be regarded as 
the point of ultimate intersection of two consecutive normals to 
the come 

360 If Q and Q' are pomts on a parabola on the same side of 
the axis and V the middle point of QQ\ shew that the ordinate 
of the point of concourse of the normals at Q and Q' is to the 
ordinate of V as the product of the oidmates of Q and Q' to the 
square of the semi-latus rectum Hence determine the ordinate 
of the centre of curvature at P and the length of the radius of 
curvature 

361 The tangent from any point of a parabola to the circle 
of curvature at its vertex is equal to the abscissa of the point 

362 The envelope of the common chords of a paiabola and 
its circles of curvature is a parabola, and the locus of their middle 
points is a parabola 

363 If P, P\ P" be pomts on a parabola, P, F on one side 
of the axis, and P" on the othei side, and the normals at P, F, P" 
comtersect, prove that the sum of the oidmates of P and F is 
equal to the ordmate of P"* 

364 If from the vertex of a parabola chords AR and AR' be 
diawn equally inclined to the axis, the normals at the extremities 
of any chord parallel to AR intersect upon the normal at R' , and - 
the centre of curvature at the extiemity of the diameter which 
bisects AR lies upon the normal at R' 

365 A circle through the vertex of a parabola cuts the curve 

m general m three other pomts, the normals at which comtersect 
Prove also that the centroid of the triangle formed by the three 
pomts lies on the axis [Prob 103 

* If the normals cointersect at a point whose projection on the axis is Z , 
we get PN ZG=P'N' ZG'=P"N" ZG" , whence, aftei some redaction, 
PN+P'X'=P"N" 
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366 Piove that at the vertex A of a conic the radius of 
curvature is equal to AS (1 + e), where e is the eccentricity, and at 

GAr 

the vertex B to 

UJtS 

367 If the osculating circle at a vertex of an ellipse passes 
through the further focus, determine the eccentricity* 

36S The circle through the foci of an ellipse and the 
extremity B of its minor axis will cut the minor axis m the 
centre of curvature at B 

369 An ellipse, a parabola, and a hyperbola have the same 
vertex and the same focus shew that the curvature at the vertex 
of the parabola is greater than that of the hyperbola and less 
than that of the ellipse f 

370 If P be a point of an ellipse equidistant from the minor 
axis and a directrix, the circle of curvature at P will pass through 
one of the foci 

371 The tangent at P in an ellipse meets the axes m T and 
t, and CP is produced to meet the circle TCt m L prove that 
2 PL is equal to the central chord of curvature at P, and that 
GL CP is constant 

372 The circle of curvature at an extremity of one of the 
equal conjugate diameters of an ellipse passes through its other 
extremity 

373 Pind the points on a central conic at which the diameter 
of curvature is a mean proportional to the axes 

374 At any point P of a rectangular hypeibola, the radius 
of curvature vanes as GP 3 

375 At any point of a rectangular hyperbola the diameter of 
the curve is equal to the central chord of curvature 

376 At any point P of a rectangular hyperbola if GP be 
produced to Q, so that PQ = GP, and QO be drawn perpendicular 
to GQ to meet the normal at P in 0, then 0 is the centre of curva- 
ture at P 

, 377 At any point of a rectangular hyperbola the normal 
chord is equal to the diameter of eurvaturej 

* The circle of curvature at a point P on a conic is the circle of closest 
contact -with the conic at P, and is called its Osculating Circle at that point 

+ Curvature is measured by the reciprocal of the radius of curvature 

X This may be proved from properties of the centroid, orthocentre and 
centre of circumscribing circle of a tnangle by taking three near points on . 
the curve ultimately coincident and using Art 56 
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378 At any point P of a lectangular hyperbola, if PN be 
perpendicular to an asymptote, the chord of curvature m the di- 

CP a 

rection PN is equal to pp 

379 From the point in which the tangent to an ellipse at P 
meets the major axis a straight line is diawn bisecting one of the 
focal distances and meeting the other in Q Prove that PQ is one- 
fourth of the focal chord of curvature at P 

380 A hyperbola which touches an ellipse, and has a pair of 
its conjugate diameters for asymptotes has the same curvature as 
the ellipse at their points of contact 

381 At a point P of an ellipse the chord of curvature in the 
direction of the ordinate PM is to PM as 2 CP* is to BG~ 

382 In a central conic let the diameter OP paiallel to the 
tangent at P meet PQ, the common chord of the ellipse and the 
circle of curvature at P, in IC , then will PQ PK be equal to 
2 CD 1 , and the like is true for any chord of curvature PQ' 

383 The normal chord which divides an ellipse most unequally 
is a diameter of curvature, and is inclined at half a right angle to 
the axis'* 

384 Prove that if two straight lines make supplementary 
angles with any third straight line, their projections make supple- 
mentary angles with the projection of that third line. 

Hence, or otherwise, prove that if the circles of curvature at 
the extremities of two conjugate radii OP and OP of an ellipse 
meet the curve again m Q and R, PR is parallel to PQ 

385 Given a point 0 on a circle, three positions may be found 
on the curve of a point P such that OP and the tangent at P 
make supplementary angles with a given diameter, and the tluee 
positions of P deteimme an equilateral triangle 

Deduce by projection that there are thiee points on an ellipse, 
lying at the vertices of a maximum inscribed triangle, whose 
osculating circles cointersect at a given point on the ellipse 

Prove also that the normals at the three points comtersect, 
and that the four points lie on a circlet [Prob 337 

* The normal m two consecutive positions must cut off equal areas, and 
must he bisected at the centre of curvature 

+ If ABO be a maximum inscribed triangle, and the osculating circle at 
A meet the curve again m A', the tangent at A is parallel to BC, which is 
therefore equally inclined to the axis with AA' 
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Miscellaneous. 

* 386. If PQ be a chord of a conic, and if the parallel focal 

chord F meet the tangent at P m T, then 

FQ ST=F SP 

387. Given the focus of a come inscribed m a triangle, find 
the pomts of contact 

388 If two chords AB, CD of a conic (not being parallel to 
one another) make equal angles with the axis, then will AC, 
BD and likewise AD, BC make equal angles with the axis 

389 If a chord of a come subtends equal angles at the 
extremities of another chord, it subtends equal angles at the 
extremities of any chord parallel to the latter 

390 The tangent to a conic at a given pomt meets any two 
parallel tangents in pomts whose focal distances meet on a fixed 
circle, having its centre on the normal at the given point 

391 If two focal chords of a hyperbola be conjugate m 
direction, the lines joining their extremities meet on the asymp- 
totes, and in the equilateral hyperbola pass through fixed pomts 
on the asymptotes 

392 One triangle being mscubed and another circumscribed 
to a parabola, if their sides be parallel each to each they will be 
m the ratio of four to one 

393 If a parabola be msenbed m a given triangle, each 
chord of contact passes through a fixed pomt which lies on the 
bisector of the corresponding side of the triangle 

394 If TP, TQ be tangents to an ellipse, and CP', CQ' the 
parallel radu, shew that the triangles TPQ and CFQ' are together 
equal to the trapezium CPTQ, and likewise to the triangle of 
Prob 20S 

Prove also that TP TQ + CF. CQ' = TS . TH * 

395 In Ai t 6 shew that to every fcw o opposite positions of 
P at infinity corresponds a single pomt p on the directrix , and 
deduce that the hyperbola is to be legarded as touching its 
asymptotes at their extiemities 

Deduce also that all pomts at infinity in a plane may be 
regarded ns lying on a straight linet, that this line is a tangent 
to every parabola in the plane, and that it cuts eveiy real 

* Wchave to shew that the triangle of Prob 208 is equal to PTQ+P'CQ,' , 
which follows from Prob 225, taking into account that PCQ=&(PSQ+PHQ) 

t First prove that m general a straight line corresponds to a straight 
line The conception of the line Infinity may also be arrived at by Conical 
Projection 



PROBLEMS 


1 44 

hyperbola or ellipse m the plane in two real or imaginary points 
respectively 

396 Deduce from Art 37 and Prob 170 two methods of 
describing an elbpse mechanically 

397 If a straight rod S'L be moveable m one plane about 
the end S', and a stung LPS, fastened at L and another fixed 
pomt <$", be stretched in contact with the rod by a pencil P, then 
the pencil will trace one brancli of a hyperbola whose foci are S 
and S' How may the othei brancli be traced ? Deduce a method 
of describing a parabola mechanically 

398 If ABO be a triangle w hose sides touch a conic at the 
pomts a, b, c, then Ab Be Ca = Ac Ba Cb. 

What is the corresponding theorem when the conic cuts the 
sides of the triangle 1 [Ant. 16. 

399 A central conic winch passes through foui given points 
has a pair gi conjugate diameters parallel to the axes of the two 
parabolas which can be drawn through the same four pomts* 

400 Prove that one conic can be drawn through five given 
pomtsf , and that no two conics can intersect in more than four 
pomts 

401 Prove by the parallelogram of forces that the locus of 
the centre of a come touching four given straight lines is a 
straight line 

* Let TP, TQ be tangents to an ellipse, and OAB, OCD chords parallel 
to them Determine a diameter of each of the two parabolas through 
A, B, C, D (Prob 143) , then PQ and the diameter through T in the ellipse 
are parallel to the diameters of the parabola 

, f If A, B, C, D, E he the five points, let AC, BE meet in F, and draw 
from I) a parallel to CA to meet BE m G , this meets the required conic in 
a pomt 3 given by T>G GH BG.GE=AF FC BF FL (Art 16) A 
diameter bisecting the parallel cborcU can then he drawn and m the same 
manner a second diameter 


Many of the above Problems are taken from the larger work named in 
the Preface to the fourth edition A few references to it may be found nsefnL 
Prob 10. seep 22, Scholium A. 

Prob 59 see p 32, Art 18. 

Prob 101 and Prob 204 These are particular cases of a general theorem, 
for which see Art 120, Cor 2, or Art 144 

Prob 150 This is proved by the method of infinitesimals see Art 32 
Prob 395, note see Art 142 and Art 129 
Prob 401- see under Mechanical proofs of geometrical theorems 
Most of the foot-notes are taken from the same source 
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TheTrmnmmus By W Wagner, Ph D 3rd Edition 4s Gd. 

The Menaechmei By W Wagner, PhD, 2nd Edit 4s Gd. 

The Mostellana By Prof E A Sonnenschcin 5s 
Sophooles The Trachimae By A Pretor, M A 4s Gd 
Sophooles The Oedipus Tyrannus By B H Kennedy, D.D 5s 
Terence By W Wagner, Ph D 2nd Edition 7s 6d 
Theooritus By F A Paley, M A , LL D 2nd Edition 4s 6d 

Thuoydides Book VI By T W Dongan, M A , Fellow of St 
John's College, Cambridge 3s Cd 

CRITICAL AND ANNOTATED EDITIONS 

Aristophanis Comoediae By H A Holden, LL D. 8vo 2 vols 
Sotos, IUnstiations, and Maps 23s Gd Plays sold separately 
Caesar’s Seventh Campaign in Gaul, BC 52 By Rev W C 
Compton, H A , Assistant Master, Uppingham School Crown Sro 4s 
Calpumius Siculus. By C. H Keene, M A Crown 8vo 6s. 

Catullus A New Test, with Critical Notes and Introduction 
by Dr J P Postgate Foolscap 8ro 3s, 
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Corpus Pootnrum Latinorum Edited by Wnlkor. lvol 8vo 18 j 
L ivy The first five Books By J, Prcndeviilc. 12mo roan, f>*. 
Or Books I -III ,3* Cd IV. and V , S* <tf Or the 3vo Bool s in repamlo 
it>!« lr M cieb 

Lucan The riinir&lm By C E Ilnskins, 31 A , and W. E 

Itu(hm), M A Do*nyPvo It* 

Lucretius With Commentary by H A. J. Munro 4th Edition. 
\ol* I until! Tnt, nntl 1$4 Vo) III Tnun#- 

JtNan €• 

Ovid. I* OnduNft'cimsIIoroidesXlV By A Palmer, M A. 8vo 6». 

1*. Ovtdn Naeonis Ars Amntorm ct Amorcs. By tlio Bov. 

U Willin'* *■, M A. 3* « 

— Metamorphoses Book MU By Clias Haines Keene, M A. 

c< w 

Epiitolnroui cx Ponto Liber Primus By C H Keene, M A 3* 

Propertius Sex Aurcln Propertu Cnnnina. By F A Pnley, M A , 

I.tfcP Pro Clo*h. V 

box Proja rtn Llrgiarum Lihn IT lWen>,uil A Palmer, 

C !'*•>( {'■>' i (1 Ifitmitum Tnniiivt » juxtn JhiMmum hociiu 

>1 *)> f>u> **s > l 

Sophoclos Tho Ocdipun Tyratmua By B II Kennedy, DD 

Cn t n Sro P . 

Thucydides The Hirion ot the Peloponnesian War. By Richard 
HiLltr’o, J1 A Kook I. Bro 6x03. BookU 8ro 5.81. 


LOWER FORM SERIES. 

U'tfft Not^s ard Vocabularies 

Eologtn Latinro , or, First Latin Heading Book, with English Notes 

nod a Die if, nary Ily t’.o Into Rov V 1 ro**, M A how Edition leap, 
8*0 U Ct. 

Latin Vocabularies for Repetition By A.W II Stodman, SI A 

£nd Kt lion, rt u*. 1 Ir'pPro lr,M 

Easy Lal'n Paocagcs for Unseen Translation By A M. M 

*<'« Im-.n M A *Vip t-vn 1* r.t 

VirgU'r. /Bnoid. Book 1, Abridged from Goninglon'e Edit on 

»Oi VwaWwjr l >7 V\ . 1 , II Wallen lr ot 

Ctt ar do Bello Galileo Looks I , If , and III With Notes by 

«• *in> I.fmr. M A , nrd Vncrtlj ilnry liyW f It. BliUltio 1* od. r'lcli 

Horace Ih'oh 1, Mneb one’s I dmon. with \ ocabulitry by 

a It I 1 nt t lr *.! 

Tales tor Latin Prouo Componltion. With Notes and Vocabu 
Ury l$y <» It Wrtl'MJt iy 

A Latin Verso Book. An Introductory Work on Hexameters and 
P<>iitavrv>r* I’y tbe lito lt"r P IrO't, HA hew 1 dition. Fenp, 8ro 
h Key (for Tuto'e otly), 5* 

Analecta Grroc-t Minora, with Iniroduetory Sentences, English 
hot***, snd n Dictionary I!y the late ller P 1 res', JLA how Edition 
reap 8vo 2r 

Greek Tentamont Selection!) 2ml Edition, enlarged, with Notes 
wtd Viwatiul iry Uy A M U fatoilnnn, 31 A leap. Sro Us W 
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LATIN AND GREEK CLASS-BOOKS. 

(See alto Lower Form Senes ) 

Faoiliora An Elementary Latin Book on a now principle 
thoBev J L Scogor, M A. 2 s G d , 

First Latin Lessons By A M M Steelman Second Edition, 

First^Latin Reader By A M M Stedman, M A In fid 
JEasy Latin Exercises ByA M M Stedman, MA Clown 8\o 

2<t 6d 

Notanda Qucedam Miscellaneous Latin Exercises By A 
M btcdmnti, JI A Fcap Svo Is Gd 
A Latin Primer By Rev A 0 Clapm, MA 1# 

Auxilia Latina A Series o f Progressive Latin Exorcisos 
M J B Bnddolor.M A reap Svo Pnrt I , Aecidoncc 5th Edition 
Part XI 6th Edition 2 s Koy to Part II , 2s Gd 
Soala Latina Elementary Latin Exercises, By Rev J. 

Davis, M A Kow Edition, with Vocabulary Fcap 8\o 2* Gd, 

Passages for Translation into Latin Prose By Prof H Nettle 
ship W A 3« TCoy (for Tutors only), 4' Gd 

‘llio liitiodnctiou ought to ho studied bj ciciy teacher of Litm ’ 

Guu ioIiuii 


By 


M. 


By 

2s 

w. 


Latin Prose Lessons By Prof. Clinroli, MA 9th Edition, 
Fcap 8vo 2s 6d 

Analytical Latin Exercises By 0 P Mason, B A. 4th Edit. 
Part I , Is 6d Part II , 2' Gd 

Latin Elegiac Verse, Easy Exercises in By the Rev J Pcmoso 


hen Edition 2* (Key 3* Gd ) 

A Latin Grammar By Albert Harkness Post Svo 6s 

— By T H Key, M A 6th Thousand Post 8vo 8s 

A Short Latin Grammar for Sohools By T H Key, M A 
FB.S 16th Edition Po»t8vo 8s 6d 
The Theatre of the Greeks By J W Donaldson, D D. lOtli 
Edition Post 8vo Ss 


Kelghtley’s Mythology of Greece and Italy 4tb Edition 6s. 
A Guide to the Oholoe of Olassioal Books By J B Mayor, M A. 

3rd Edition, drown 8vo 4s Gd 

A History of Roman Literature By Prof TeuifeL Revised 
lij Prof Di Scliwiilic, and translated by Prof. Wair, of KiugV CoUcgi 
2 vols [finmciUa/eti/ 


By T Cou.n.8, M A , H M of the Latin School, Newport, Salop 
Latin Exerolses and Grammar Papers 6th Edit Fcap Svo 2s 6 d 
Unseen Papers in Latin Prose and Verse With Examination 
Questions 5th Edition Fcap 8vo 2s Gd 

— in Grcok Proso and vorse, With Examination Questions 

3rd Edition Fcap 8vo 8s 

Easy Translations from Nepos, Cffisar, Cicero, Livy, &o , for 

Botranslation into Latm With Lotis 2s 


By A M M Stedman, M A , Wadham College, Oxford 
Latin Examination Papers in Grammar and Idiom 2nd 
Edition Crown 8vo 2s Gd Koy (for Tutors and Pnvftto Students only). Of 
Greek Examination Papers in Grammar and Idiom 2s. 6d 

[.In the pi ess. 
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By the late Rev. P Fbobt, M.A. 

Materials for Latin Prose Composition New edition leap 
8vc 2 s. Key (for Tutors only), 4s 

Materials for Greek Prose Composition New Edit Fcap 8vo. 
2 e &d Key (lor Tutors only), Ss 

Florileginm Poetiotim, Elegiao Extracts from Ovid and TibullnB, 
New Edition With Notes Fcap 8vo 2s 

By H. A Holden, LL D , formerly Fellow of Trinity Coll , Camb 
Foliorum Silvnla Part L Passages for Translation into Latin 
Elegiao and Heroic Verso 11th Edition. Post 8vo 7s 6d 
— Part II Select Passages for Translation into Latm Lyric 
and Comic lambic Verso 3rd Edition Post 8vo 5s 
Folia SilvttltB, sive Eclogre Poetamm Anglicoram in Latinnm et 
Gnecum converse. 8vo Vol II 4? fid 
Follomm Centnnss Select Passages for Translation into Latm 
and Greek Prose 10th Edition Post8vo 8i 

SoalaGreeca a Senesof Elementary Greek Exercises By Rev J "W 
Davis, M A , and R W Bnddcloy, H A 3rd Edition Fcap 8vo 2s fid. 
Greek "Verse Composition By G Preston, M A 5th Edition 
Crown Svo 1« fid 

Greek Particles and their Combinations according to Attic Usage 
A Short Treatise- Br F A Palcy, M A , LI, D 2s fid 
Rudiments of Attic Construction and Idiom By the Rev. 

W C Compton, M A., A*-«i=tmt Master at Uppingham School 
Anthologla Greece A Selection of Choice iireek Poetry , with Notes. 

By F St John Thackeray 4t7i and Cheaper Edition lfimo 4s fid 
Anthologla Latina A Selection of Choice Latm Poetry, from 
Nnmns to Boithms, with Notes By Rev F St J Thackeray 5th Edition 
16mo 4s fid 


CLASSICAL TABLES. 

Latin Acoldence By the Rev P Frost, M A 1* 

Latin Versification. It 

Notabilia Qusedam, or tho Principal Tenses of most of the 
Irregular Greet Verbs and Elementary Greek, Latin, and French Con* 
strnction New Fdition. Is 

Richmond Rnles for the O vidian Distich, &c ByJ Tate, M. A Is 

The Principles of Latin Syntax Is 

Greek Verba A Catalogue of "Verbs, Irregnlar and Defective By 
J S Baird, T C D 8th 1 dition 2s fid 

Greek Acoents (Notes on) By A Barry, D D New Edition 1* 

Homeric Dialed. Its Leading Forms and Peculiarities By J S. 
Baird, TOD. New Edition, by W G Rutherford, LL D Is 

Greek Aooldenoe By the Rev P Frost, M A New Edition li. 

TRANSLATIONS, SELECTIONS, &e 

*** Many of the following hooks are well adapted for School Prizes 

Aeschylus Translated mto English Prose by F A Paley, M A , 
LL D 2nd Edition 8vo 7s 6d 

Translated mto English Verse by Anna Swanwick 4th 

Edition Po°t 8vo 5s 

Calpurnius, The Eclognes of Latm Text and English Terse 
Translation by E J L Ecott, 31 A 3* fid 
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Euripides Translated by E P Coleridge, BA 2 vols , 6? each 
Horace The Odes and Carmen Sfflonlare In English Verse by 
3. Cowngton, M A 10th edition Fcap 8vo 6s 6d . 

. The Satires and Epistles. In English Verse by J Coning- 

ton, M A. 7th edition 6s 6d , 

Plato GorgiaB Translated by E M Cope, M A 8vo 2nd Ed 7s 

■ Philebus Trans by E A Paley, SI A , LL D Sm 8vo 4s. 

. ... Tlieffltetus Trans byE A Paley, M A ,IiL D Sm 8vo 4s 

. _ — AnalysisandlndesoftbeDialogues ByDr Day Post8vo 5s 

Prudentius, Selections from Test, with Veise Translation, In- 
troduction, Ac , by the Roy T S J Thackeray Grown 8vo 7s GI 
Sophocles Oedipus Tyrannus By Dr Kennedy Is 

The Diamas of Eendeied into English Verse by Sir 

George Young, Bart , 51 A. 8vo 12s 6d 
Theocritus In Enghsh Verse, by 0. S Calverley, M.A New 
Edition, ronEcd Crown Syo 7s Gd 

Translations into Enghsh and Latin. By C S. Calverley, M A. 
Post 8vo 7s 6d 

Translations into English, Latin, and Greek. ByB C Jebb,LittD, 
H Jnck'on, Litt I) , nnd IV E Cnncy, 51 A Second Edition 8s. 
Extracts for Translation By R C I ebb, Litt D , H Jackson, 
Litt D , nnd W E Currcy, 51 A 4s Gd \ 

Between Whiles Translations by Bev B H Kennedy, DD. 
2nd Edition, rovirod Crown 8vo 5i 

Sabnnae Corolla m Hortulis Hegiae Scholae Salopiensis 
Contcxucmnt Tree Viri Flonhns Legendis Fomth Edition, thoroughly 
Rinsed nnd Rearranged Largo post 8ro 10s Gd 


CAMBRIDGE MATHEMATICAL SERIES. 


Arithmetic for Schools By C Pendlebury, M A 4th Edition, 
stereotyped, with or without answers, 4 s. 6 d. Or in two parts, with or 
without answers, 2s Gd each Part 2 contains the Comma cial Arithmetic 


ExAMFi.r.8 (nearly 8000), without nusworp, m a separate voh Ss 
In use at St. Paul s, Winchester, Wellington, Marlborough, Charterhouse, 
Merchant Taylors’, Cluist's Hospital, Sherborne, Smowsburj , Ac &c 

Algebra Choice nnd Chance By W A 'Whitworth, M A 4th 

Edition 6s 

Euclid Newly translated from the Greek Text, with Supple- 
mentary Propositions, Ghapteis on Modem Geometry, and numerous 
ErorciEQs By Horace Deighton M A , Hoad Master ol Han iron College, 
Barbados New Edition, Reused, with Symbols anil Ablu aviations 
Clown 8vo 4s Gd 

Book I Is I Books I to III 2s Gd 

Books I mid II Is Gd | Books III and IV 1* Gd 


By 


Euclid. ExeroiseB on Enclid and in Modem Geometry 

J McDowell, M A 3rd Edition 6s 
Trigonometry, Elements of By J M Djei, M A , and Bev 
R.H lVhitcombe, M A , Assistant Masters, Eton College [Tmmcitnlchi 

Trigonometry Plane By Rev T Vyvyan,M A 3rd Edit da bd. 
Geometrical Conic Seotions By H. G Willie, M A 5s 
Conics The Elementary Geometiy of 6th Edition, revised and 
enlarged. By O Taylor, D D 4s. Gd 

Solid Geometry By W S Aldis, M A. 4th Edit revised. 6s. 
Geometrical Optics By W S Aldis, M A. 3rd Edition. 4s 
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Rigid Dynamics By W. S. Aldis, M.A. 4s. 

Elementary Dynamics By W Garnett, M A.,D Oi 5 th Ed. 6s 
Dynamics A Treatise on. By W H Besant, D Sc , F R S. 7s. 65, 
Heat An Elementary Treatise By W Garnett, M A , D 0 L. 5tb 
Edition, revised and enlarged. 4s 63 

Elementary Physics Examples in. By TV Gallafly, M A. 4s. 
Hydromechanics By TV. H. Besant, D So., F.R S. 6thEcbt!on. 

Part I Hydrostatics Ss 

Mathematical Examples By J M Dyer, M A , Eton College, 
and B Prowdo Smith, H A, Cheltenham College 0, 

Mechanics Problems m Elementary. By TV. Walton, M A 6s. 
Notes on Roulettes and Glissettes By W H Besant, D Sc , 
PBS, Follow of St John’s Colloge, Cambridge 2nd Edition, enlarged 
Crown. 8to 5s. 


CAMBRIDGE SCHOOL AND COLLEGE 
TEXT-BOOKS. 


A Scries of Elementary Treatises for the use of Students 
Arithmetic By Eev.C.Elsee, M.A. Fcap, 8vo 14th Edit. 3s 64 
. By A. Wngley, M A. 3s. 64 

A Progressive Course of Examples. With Answers By 

J. Watson, M A 7th Edition, revised By TV P Gondie, B A 2s 6d 
Algebra By the Rev. 0. Elsee, M A 8th Edit is 

Progressive Course ol Examples By Rev W F. 

JPMichaol.M A .and B Prowde South, M A 4th Edition 8s 6d With 
Answers 4s 6i 


Plane Astronomy, An Introduction to By P T. Main, MA 
6th Edition, revised 4s 


Conic Sections treated Geometrically By W H. Besant, So D. 
8th Edition 4s 6d Solution to the Examples 4s 

Enunciations and Figures Separately Is 64 

Statics, Elementary By Rev. H. Goodwin, D D. 2nd Edit 3s 
Hydrostatics, Elementary. By W H. Besant, D So 14th Edit 4s 

Solutions to the Examples [A 7 oio ready'. 

Mensuration, AnElementary Treatise on ByB T.Moore.M A 3s 64, 
Newton's Principle, The First Three Sections of, with nu Appen- 
dix, and the Kinth and Eleventh Sections By J H Evans, M_'. 5>b 

Edition, by P T Main, HA is 

Analytical Geometry for Schools, ByT G.Vyvyan. 5thEdit. 4s 6./ 

Greek Testament, Companion to the. By A, 0. Barrett, M A. 
5th Edition, revised Fcap 8vo 5s 

Book of Common Prayer, An Historical and Explanatory Treatise 
on the ByW G Humphry, B D 6th Edition. Fcap Svo 2s 6d 

Musio, Text-book of By Professor H. 0 Banister 14th Edition, 

revised 5s 


Concise History of By Rev. H. G. Bonavia Bruit, 

Tl/ut Dnl.l— "114.1. TlX.i . : .t n * 


Sins Doc Dublin. Uth Edition, revised Ss Gd 

a2 
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ARITHMETIC. 


(See also the two foregoing Senes ) 

By Charles Pendlebury, M A , Semoi 

.. _ . • _i *ir n i-» JI T? Tl « O 


Elementary Arithmetic „ -- , 

Mathematical Master, St Panl’s School, and W S Beard, Fit OS, 
Assis tant MaBter, Christ's Hospital 'With 2600 Examples, Written and 
Oral Crown 8vo Is 6d With or without Answers 
Arithmetic, Examination Papers m Consisting of 140 papera, 
each containing 7 questions 367 more difficult problems follow A col* 
lection of recent Publio Examination Papeis are appended By 0 
Pendlobnry, Hi 2s 6d Key, for Masters only, 5s 
Graduated Exercises in Addition (Simple and Compound) By 
W S Beard, C S Department Rochester Mathematical School Is For 
Candidates for Commercial Certificates and Civil Eervioe Exams 


BOOK-KEEPING. 

Bookkeeping Papers, set at various Public Examinations 
Collected and Written by J T Hedhurst, Lecturer on Book keeping in 
the City of London College 2nd Edition 3s 


GEOMETRY AND EUCLID. 

Euolid. Books I -VI and part of XI A New Translation By 
H Deighton (Seep 8) 

The Definitions of, with Explanations and Exercises, 

and an Appendix of Exercises on tho Pint Book. By B Webb, M A, 
Crown 8vo Is 6d 

. — Book I With Notes and Exercises for the nse of Pre- 

paratory Schools, &o By Bmithwaito Arnett, M A. 8vo 4s 6d 

The First Two Books explained to Beginners. By C. P, 

Mason, B A. 2nd Edition Fcap 8vo 2s Si 
The Enunciations and Figures to Euolid'B Elements By Bev. 

JBrasse, DD Hew Edition Fcap 8vo Is Without tho Figures, 6d. 
Exercises on Euolid By J McDowell, M A (See p 8 ) 
Mensuration By B T Moore, M A 3s 6d (See p 9 ) 
Geometrical Conic Seotions By H G Willis, M A (Sea j 8) 
Geometrical Gonlo Sections By W H Besant.D.Sc (Seep 9) 
Elementary Geometry of Conios By 0. Taylor, D D. (See p 8.) 
An Introduction to Ancient and Modem Geometry of Conio 3 
By C Taylor, D D , Master of St John's Coll., Camb 8vo 15* 

An Introduction to Analytical Plane Geometry By W. P. 
Turnbull, M A. 8vo 12s 

Problems on the Principles of Plane Co ordinate Geometry 
By W Walton, M A 8vo 16s 

Trillnear Co ordinates, and Modem Analytical Geometry of 
Two Dimensions ByW A Whitworth, M A. 8vo 16s 
An Elementary Treatise on Solid Geometry ByW. S. Aldis, 

M A 4th Edition revised Cr 8vo 6s 

EUiptio Functions, Elementary Treatise on ByA Cayley, D Sc. 
Professor of Pare Mathematics at Cambridge University DemySvo 15s* 


TRIGONOMETRY. 

Trigonometry By Bev T G Vyvyan 3s 6 d (Seep 8) 
Trigonometry, Elements of By J M Dyer, M A, and Bev E H. 

Whitcombo, M A., Asst Masters, Eton College [Immediately 

Trigonometry, Examination Papers in ByG H. Ward, M A.. 
Assistant Master at St Paul's School Crown Svo 2s 6d 
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MECHANICS & NATURAL PHILOSOPHY. 

Statics, Elementary. By H. Goodwin, DD, Fcap. 8vo. 2nd 

Edition 3s 

Dynamics, A Treatise on Elementary. By W. Garnett, H.A., 
POL 5th Edition, Crown 8vo 6s 
Dynamics Bigid By W S Aldis, M A. is 
Dynamics A Treatise on By W H Besant, D.So ,FES. 7s 6 A. 
Elementary Mechanics, Problems in. By \V. Walton, M.A. New 
Edition. Crown 8vo 6s _ _ _ oa 

Theoretical Mechanics, Problems in. By W. Walton, M A. 3rd 
Edition Demy 8vo 16s 

Structural Mechanics By B M Parkinson, Assoc MLOE 
Crown 8ro 4s 63. _ „ _ _ , 

Elementary Mechanics Stage I By J G.Horobm.BA Is 6a. 

Hydrostatics ByW H Besant, D Sc Fcap 8yo 14thEdition. is. 
Hydromechanics, A Treatise on By W H Besant, D Sc , FJR S. 
8to 5th Edition, revised. Port I Hydrostatics 5s. 


Hydrodynamics, A Treatise on Vol. L, 10s 6 d , ToL IL, 12s 6 d 
A E Basset, M A., F R S 

Hydrodynamics and Sound, An Elementary Treatise on By 
A. B Basset, MAJBS 

Roulettes and Ghssettes By W H Besant, DSc.FBS 2nd 
Edition, 5s 

Optios, Geometrical. By W. S Aldis, M A. Crown 8vo. 3rd 

Edition 4s 

Double Refraction, A Chapter on Fresnel's Theory of. By W, S. 
Aldis, ML A. 8 vo 2s 

Heat, An Elementary Treatise on By W. Garnett, M.A., DCL. 

. Crown 8vo 5th Edition. 4s Cd 

Elementary Physios, Examples and Examination Papers m. By 
W Gollatly, SLA 4s 

Newton’s Prmcipia, The First Three Sections of, with an Appen- 
dix, and tho Ninth and Eleventh Sections By J H Evans, HJu 5th 
Edition. Edited by P T Main, HA 4s 
Astronomy, An Introduction to Plane By P. T. Main, M.A. 

Fcap 8 jo doth. Cth Edition 4s 

Practical and Spherical. By B. Mam, M A, 8vo 14*. 

Mathematical Examples Pure and Mixed ByJ M Dyer, M.A,, 
and R Prowde Smith, M A 6s 

Pure Mathematics and Natural Philosophy, A Compendium of 
Facts and Formnlts in By G- R Smalley 2nd Edition, revised by 
J McDowell, M A Fcap. 8vo 2 j 

Elementary Course of Mathematics By H. Goodwin, DJD. 
6th Edition 8ro 16s 


Problems and Examples, adapted to the * Elementary Course of 
Mathematics ’ 3rd Edition 8vo 6s 

Solutions of Goodwin’s Collection of Problems and Examples 

By "W W Hntt, H A. 8rd Edition, revised and enlarged 8vo Bs 
A Collection of Examples and Problems in Arithmetic, 
Algebra, Geometry, Logarithms, Trigonometry, Conic Sections, Mechanics, 
*? . with Answers By Rev A Wrigley 20th Thousand. 8s. 63. 
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FOREIGN CLASSICS. 

& Sene s for use in Schools, with English Notes, grammatical and 
explanatory, and rendenngs of difficult idiomatte expressions, 
Neap 8 vo, 

rfohlller’B Wallenstein By Dr. A. Buohheim 5th Edit 5s 
Or tho linger and Piccolomiw, Zs 63 WhUenstein’e Tod, 2s 63 

Maid of Orleans By Dr W Wagner 2nd Edit Is 6 d. 

— Marla Stuart By V. Kastner. 2nd Edition Is 6 d 

Goethe’s Hermann and Dorothea By E Bell, M A , and 
E Wolfel Is 63 

German Ballads, lrom Uhlnnd, Goethe, and Schiller. By C L 
Bielefeld 4th Edition Is 6d 

Charles XIL, par Voltaire By L, Direy. 7th Edition. Is 6 d, 

Aventures de T616maque, par Ftafilon By 0 J. Dehlle. 4th 
Edition 2s 63 

Select Fables of La Fontaine ByF E A.Gaeo. 18th Edit 1: 6d 

Ploolola, by X B Samtine By Dr. Dubno. 16th Thousand Is. 6d 

Lamartine’s Le Tailleur de Pierres de Samt-Folnt By 
J Bolelle, 6th Thousand. Fcap 8to Is. 63 

Itahan Primer By Rov A C Giaprn, M.A. Fcap 8vo. Is. 


FRENCH CLASS-BOOKS. 

French Grammar for Public Schools By Rev. A 0 Clapra, M A. 

Poop 8vo 12th Edition, revised 2s 63 
French Primer By Rev A O.Glapm, M A. Fcap 8vo. 8th Ed Is. 
Primer of French Philology By Rev. A O.Glapm. Fcap 8vo. 

4th Edit is 

Le Nouveau Trtaor, or, French Student’s Companion. By 

KBS 19th Edition Fcap 8vo Is 63 
French Papers for the Pielim Army Exams Collected by 

J F Dans, D Lit [Immediately 

French Examination Papers in Miscellaneous Grammar and 
Idioms Compiled bri.ll M Btedman, M A. 4th Edition Crown 
8to Zs 63 Key Ss (For Teachers or Private Students only ) 

Manual of Frenoh Prosody By Arthur Gosset, M.A. Grown 

Bvo 3s 

Lexicon of Conversational Frenoh By A HoIIowav. 3rd 
Edition. Crown 8vo 3s 63 J 

PROF A. BARRERE’S FRENCH COURSE. 

Junior Graduated French Course Crown 8vo Is 6d 

Elements of French Grammar and First Steps m Idiom 
Crown 8to 2s 

Preois of Comparative Frenoh Grammar 2nd Edition Crown 

8to, 3s. 6d. 
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F. E. A. GASO’S FRENCH COURSE. 

First Frenoh Book Fcap 8vo 106th Thousand 3*. 

Second Fronoh Book 52nd Thousand. Fcap 8vo 1< 6d. 
Key toFirst and Second French Books 5th Edit. Fcp. 8ro. 8s. 6d. 
Frenoh Fahlos for Beginners, in Prose, with Index. IGth Thousand. 
12rao la. 63. 

Select Fables of La Fontaine 18th Thousand Fcap 8vo ls.bd. 
Histolrcs Amusantes ot Instruotives With Notes. 17th Thou- 
eird Tcap 8vo 2 1 

Practical Guide to Modem Fronoh Conversation 18th Thou- 
sand Tcap Sro Is. C3 

Frenoh PoGtry forth© Young With Notes 6th Ed. Fcp. 8\o 8 s. 

Materials for Frenoh Prose Composition ; or, Selections from 
tlio best English Prose Writers Wth Thous, Tccp 8ro 3s Key, C« 
Prosatours Contemporalns With Notes. 11th Edition, ro- 
wed. 12mo 3* 63. 

Le Petit Compagnon; a French Talk-Book for tittle Children. 
12tb Thousand. 16mo Is 6d 

An Improved Modem Pookot Dictionary of the Frenoh and 
English Lansmg-cs. WthThoimnd. JCino 2* C3. 

Modem French English and EngUsh-Fronoh Dictionary 4th 
Edition, wnFcd, -with nevr supjdf'wcnts 10s 63 In ««c n.t Harrow, 
Itngby, ■Westminster, SHrowBbnry, Radley, Ac. 

The ABC Tourist’s French Interpreter of all Immediate 

Manta Hyp I, A Garc. 1* 

MODERN FRENCH AUTHORS 

Edited, with Introductions aud Notes, by .TAsirs BoIklu:, Senior 
Irench Master at Dulwich College, 

Daudet'a La Belle Nivomalso 2*. 6(T. For JJepinn art. 

Hugo’s Bug Jnrgal ror Adi zinced Students 
Balzac e Ursulo Miroutt .u. Tvr Adi etneed Students. 


GOMBERT'S FRENCH DRAMA. 

Being a Selection of the best Tragedies and Comedies of Mohdro, 
Baanc, CoTOcUle, and Voltaire V/ith Arguments nnd J?ot<* by A, 
Gotnbert how Fditlon, revised by F E A Giwo. Fcap Svo U each, 
f ewea, (w. 1 

’ CO'ixrsTH 

TJl°oi Er ?J.lF,^ ls -\ nthror< ' to Bourgeois Gontilbomtuo La 

3**S™® , Loa 8a van lea Us Fonrbsrie* 

HEcolo do» Femmes, L’Eoolo do* 

ThfK^^ * 

nORlCO ° imm ’ Polrenoto 
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George Bell and Sons’ 


GERMAN CLASS-BOOKS. 

Materials for German Prose Composition By Dr Bachlieim 
13tU Edition Fcay is Si Koy, Ports I and II , 3s Parts III nndIV ,4s 
Goethe's Faust Te\t, Hayuaid’s Prose Translation, and Kotos 
Edited hy Dr JJnclilit'iin 5s [In Uu incus 

German The Candidate's "Ude Mecurn Five Hundied Easy 
Content e*. and Idioms liy an Army Tutor Clotli, Is Toi Ai my drains 
Wortfolge, or Buies and Exercises on the Order of Words in 
German Sentences By Dr F Stock. Is Si 
A German Grammar for Public Schools By the Rev A 0. 

ClnpinandF HollilflUor 5tli Edition Feajp 2s Si 
A German Primer, with Exercises By Rev. A C Clapm 
2nd Edition 1* 

Kotzebue’s Der Gefangene "WitliNoteaby Dr.W Stromborg Is 
German Examination Papers in Grammar and Idiom By 
It J STonch 2nd Edition 2s Si Key for Tutors only, 5s 

By Fb7 Lai»gi , Ph D , Professor R M A , Woolwich, Examiner 
in German to the Coll of Preceptois, and also at the 
Victoria University, Manchester 

A Concise German Grammar In Three Parts Part I , Ele 
mcntirr, 2* Part II , Intermcdmto, 2* Pirt III , Advanced, 3c fid 
German Examination Course Elemental!, 2s Intermediate, 2s 
Adiancca.ii! Gd 

German Reader Elemeutaiy, Is 6 tl Advanced, 6s 


MODERN GERMAN SCHOOL CLASSICS 
Small Crown 8vo 

Hey’s Fabeln Fur Bander Edited, with Vocabtilaiy, by Prof 
r Bange, Pli D Printed in Roman rim, net as Gd 

The same with rhonetic Trunscryilion of Text, Ac 2 > 

Benedix’s Dr Wespe Edited by F Lange, Ph D 2s C <1 

Hoffman’s Meister Martin, aer Kufner By Prof F Lange, Ph D 
Is-Gd. b 

Heyoe’s Hans Lange By A A Macdonell, M A , Ph D 2s 

Auerbach’s AufWaohe, and Roquette’s Der Gefrorene Kuss 
By A A jracdouoll, il A 2s 

Mosers Der Bibhothekar Bj Prof F Lange, PhD 3id Edi 
tion 2s 

Ebers’ Emo Frage By F Slorr, B A 2s 

Freytag’s Die Joumahslen By Prof F Lange, PhD, 2nd Edi- 
tion, loused 2s Gd 

Gutzkow’s Zopf und Schwert By Prof. F Lango, Ph V 2s 

German Epic Tales Edited by Karl Neuhaus, Ph D 2s Gd 

Sheffel’s Ekkebaid Edited by Dr H Hager 3s 




Educational Wot Ice. 


15 


DIVINITY, MORAL PHILOSOPHY, &o. 

By the Bey F H. Sohiyeseb, A M , LL D,DCL 


Novum Testamontum Greece. Editio major Bemg an enlarged 
Edition, containiuff the Rending* of Bishop Westcott and Di Hnrt, anil 
thoso adopted by the Revisers, So 7s Cd (ior other Editions eerpnyed) 

A Plain Introduction to the Orltloiam of tho Now Testament 

■With Forty Facsimiles from Ancient Manuscripts 3rd Edition 8vo 18 s 

Six Lectures on the Text of the Now Testament For English 

Headers Crown Sro Cs 

Oodex Bezm Oantabrlglensia 4to 10s 6 d 


The Now Testament for English Readers By tholato H. Alford, 
DD Vol I Part I 3rd Fdit. 12*. Vol I Part IL 2nd Edit 10s Cd 
Vol H Part 1. 2nd Edit. 10s. Vol II PftrtH 2nd Edit 16s 

Tho Greek Testament By tho late H Alford, D D. Yol I. 7th 
Edit 11 8s Vol II 8th Edit 11 U Vol III lOtli Edit 18s Vol IV. 
Parti 5th Edit 18s. Vol IV Part II 10th Edit 14s Vol IV. 11 I2s 

Companion to tho Greek Testament By A. O. Barrett, M A. 

5th Edition, revised Heap 8vo 5s 

Guide to tho Toxtual Criticism of the New Testament By 

ltcv 1. Miller, M A. Crevsn tho 4< 

The Book of Psalms A New Translation, with Introductions, Ac. 
By the Ycnr Hov 3 3 8tcwart Perowno, D D 8vo. Vol I 7th Fdition, 
18s Vol. II Cth Edit IBs 

Abridged for Schools 7tli Edition Crown 8vo 10* Cd 

History of tho Articles of Religion By C. H. Hardwick. 3rd 

Edition. Post 8io 6s 

History of tho Creeds By Rc\ . Professor Lnmhy, D D. 3rd 
Edition Crown 8vo 7* Cd 


Pearson on the Croed. Carefully printed from an early edition. 

With Analysis and Index 1>> li Wolford, M A. Tost 8vo 6s 

Liturgies and Offloes of the Churoh, for tlio Use of English 
Rc-ulon, in Illustration of the Booh of Common Prnyor By tho Bcv 
Edward Burbiilgo, II A. Crown Svo Is 


An Historical and Explanatory Treatise on the Book of 

Common Prayer By Urn W G TInmphry, B D Cth Edition, onlareod 
Bin'll! Post 8vo 2s. 61 , Cheap Edition, 1* 6 


A Commentary on tho Gospels, Epistles, and Aots of tho 

Apostles By Bov W Doulon.A M how Edition 7 \ols. 8>o 0k ciu.1i 


Notes on tho Cateohism, 

Fcap 2s 

The 'Win ton Church Cateohist 


ByRt Rov. Bishop Barry, 9th Edit 


,, — Questions and Answers on the 

Toacliiim of tho Olmreh Catechism By tho late Bov .T S B Monsoll, 
Lli D 4tu Edition Cloth, 3s , or in lour Parts, cowed 


The Churoh Teaohor’n Manual of Christian Instruction B> 
Bor. M F Bndlor. 43td Thousand. 2s. Cd. 
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George Bell and Sons' 


TECHNOLOGICAL HANDBOOKS. 

Edited by Sib H Tbueiun "Wood, Secretary oi the Society of Aits 

Dyeing and Tissue Printing By"W. Crookes, P R S. 5s. 

Glass Manufacture By Henry Chance, M A , H J. Powell, BA, 
and H G Hams 3s Gd 

Cotton Spinning By Rickard Marsden, oi Manchester 3rd 
Edition, revised G< Gil 

Chemistry of Coal-Tar Colours By Piol Benodikt, and Dr 
Knccht ot Bradford Tecluiicul College 2nd Edition, enlarged Cs M 

Woollen and Worsted Cloth Manufacture By Professor 
Roberts Beaumont. Tho Yorkshire Collogo, Leeds 2nd Edition 7s 6d 

Cotton Weaving By R Marsden [In the press 

Bookbinding By 3 W Zaebnsdorf, with eight plates and many 

illustrations 5* 

Printing By C T Jacobi, Manager of the Chiswick Picss 5s 


BELL’S AGRICULTURAL SERIES 

The Pam and the Dairy. Bj Pi of Sheldon, 2s 6 d 
Soils and their Properties By Dr Fream 2s 6d 
The Diseases of Crops By Dr Griffiths 2s 6d 
Manures and their Uses By Dr Griffiths 2* Gd 
Tillage and Implements By W J, Malden 2s 6 d 


HISTORY. 

Modem Europe By Dr T H Dyer 2nd Edition, rovised and 

continued 5 vols Demy 8vo 21 12s. Gd 

Tho Deoline of the Roman Republio By G Long. 6 vole, 

8to 5s each 

Historical Maps of England. By 0 H. Poareon. Folio. 3rd 

Edition revised Sis 6d 

England m the Fifteenth Century Bj the late l?c\ W 

Denton, M A Demy S\ o 12s 

Feudalism Its Rise, Progress, and Consequences By Judge 
Abdv 7s Gd 

History of England, 1800-40 By Harriet Martmeau, with new 
and copions Index Svols 3s Gd each 

A Practical Synopsis of English History By A. Bowes 9th 
Edition, revised 8ro, 1$ 
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Lives of the Queens of England. By A. Strickland 

Fdition, 8 vols 7*. 63 each Cheaper F^htion.Gvols Ss oooh 
Edition. 1 vol Cs 6d Mary Quern ot Seotr, 2 vols 5s. eaoli. 
Stuart Princesses, 5s 


Library 
Abridged 
Tudor and 


The Elements of General History By Prof Tytler. New 

Edition, brought down to 1874 Small Post 8vo 3s Gd 

History and Geography Examination Papers Compiled by 

C IT. Spence, SLA , Clifton College Crown 8vo 2s Gd 

The Schoolmaster and the Law Bj Williams and Mnrkwick 

1$ Gd 

For oihet IMarirnl find r, rrr CatnloQue o fVohn’* J,i?iran<">, rrnlfrn on 
application 


DICTIONARIES. 

WEBSTER'S INTERNATIONAL DICTIONARY of tlio 
English Language Including Scientific, Technical, and Blblie il Words 
and Terms, witli tliclr Significations, Pronunciations, Etymologies, 
Alternative Spellings, Demotions, Synonnne, mid numerous Illustrative 
Quotations, until vnrions vnlunblc literary Appendices and q, J extra pages 
uf Illustrations proupeil and clnssilicd, rendering the work n Comilitp 
Litteaut and Scientific llnrBF'.cr-IlOOK A'ctc Edition (1800), 
Tliorouplily revifed and enlarged nndor the supervision of Noali Porter, 
D D , LL D 1 vol (2118 rapes, J500 woodcuts), 4to doth, 31* Cd , 
full sbcop, 21 2 a, calf, 21 8s , half rassia, 21 5s , or in 2 vols. rlotli, 
11 14« 

Prosperlnsrs, ir>lh specimen pages, sent free on application 

Richardson’s Philological Dictionary of the English Language 
Combtninp Explanation witb Etymolo.?, nnd copiously illnstmtcd by 
Quotations from tbo best Autliontic« w itli a Supplement 2 vols Ho 
11 Its Gd Supplement separately 4to 12' , 

Kluge’s Etymological Dictionary of the Goiman Language 
Translated from tlie 4th G< nnaii edition by .T, T Davis, D Lit , M A. 
(Land ) Crown Ho half buel rum, 18s 

Dictionary of the French and English Languages, with more 
than Fifteen Thousand Ecu \\ nrds, Souses, Ac By F E A CJ i=c. \\ ith 
New Supplements 4th Tditimi, Revised niul Enlarged Duuy 8vo 
10s Gd Ik tmr at Hapeor, lluonr, ‘‘uni vvenuur, Ac. 

Pocket Dictionary of the French and English Languages 
By I D A Ga«e Containing morn thnu Five Thousand Modem and 
Lurront Words, Senses, and Idioiuatio Phrases ami Renderings, not found 
m nny other dictionary of the two languages Now edition, with addi 
tions and corrections 4 *ilh Thousand lOnio Cloth, 2s Gd 

A new From 
.int Expressions, 
iw life of old nml 
Pnliliqut New 


oh and English Dictionary of the 
Slaup Terms, and Hash Phrases used 
new Paris By Albeit BnrrJrc, Offlcicr 
and Revised Fdition, laigo post 8vo. 


Argot and Slang 

Cant Words, Qua 
In tin high and Ic 
do rinstiuction 
10' Gd 
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George Bell and Sons * 


ENGLISH GLASS-BOOKS. 

Comparative Grammar and Philology By A. 0. Price, M A , 

Assistant Master at Leeds Grammar School 2s 6d «. n 

The Elements of the English Language By E Adams, Pli V. 
24th Edition Thoroughly reused hj <T T Dans, DLtt, M A, 
Post8vo 4a 6d , , . _ 

The Rudiments of English Grammar and AnalyBlB. By 
£ Adams, Ph D 17th Thousand Fcap 8vo Is 
A Concise System of Parsing By L E Adams, B, A Is oa. 
General Knowledge Examination Papers Compiled by 

A. M M S tollman, Ml I< Oil _ 

Examples for Grammatical Analysis (Verse and Prose) Se- 
lected, &c , by F Edwards kew edition Cloth, Is 
Notes on Shakespeare’s Plays By T Duff Barnett, B A 
Midsdmufb Niout s Drfaji, la , Junes Cxbab, Is , Henby V , Is , 
Tfjipkst, Is , Mactifth, Is , Mfucjiast of VrMCr, Is , HaMWT, Is , 
Richakb II, Is , Iuvr John, Is , KiagLfau, Is , ContOTAl>us, Is 


By C P Mason, Fellow of Umv Coll London. 

First Notions of Grammar for Young Learners. Foap 8vo. 

G7th Thousand. Roused and enlmgea Cloth la 

First Steps in English Grammar lor Junior Classes. Demy 

18mo 49th Thousand Is 

Outlines of English Grammar for the Use of Junior Classes. 

77tli Thousand Crown 8to 2s 

English Grammar, including the Pnnoiples of Grammatical 
Analysis 32ud Edition. 131st to I3Gth Thousand Crown 8vo 8s 6d 
Praotioe and Help m the Analysis of Sentences 2 s 
A Shorter English Grammar, with oopions Exeroises 39th 
to 43rd Thousand. Crown 8vo 3s 6d- 
English Grammar Praotioe, being the Exercises separately. Is, 
Code Standard Grammars Parts I. and II , 2d each Parts HI , 
IV, and V, 3d each 


Notes of Lessons, their Preparation, dre By Job6 Biokard, 
Park Lane Board School, Leeds, and A H Taylor, Rodley Board 
School, Leeds 2nd Edition Crown 8vo. 2s 6d 
A Syllabic System of Teaching to Read, combining the advan- 
tages of the * Phoiuo ’ and tho ‘ Look and Say ’ Systems Crown Bvo Is 
Practical Hints on Teaohlng By Rev. J Menet, M A, 6th Edit 
rorised Crown 8vo paper, 2s 

Teat Lessons in Dictation 4tli Edition Paper cover, 1* 6d 
Elementary Mechanics By J C Horobin, B A , Principal of 
Homcrtoii Ti anting College Stage I Is fid 
Picture Sohool-Books In bimple Language, with numerous 
Illustrations. Royal 16mo 

™,? h0 , In *? nt ’i Pnmar 3ii — Sohool Pnmor 6d— School Reader By J, 
Tulcard Is —Poetry Book tor Sohools 1« —Tho Life of Joseph. Is —The 
Scnpturo Parables By tho Roy J E Clarke Is -Tho Scripture Miracles 
By the Rev J E Clarke Is -The Now Tostamont History By tho Rev. 

Wood, ^ A m?" 9 W . Testament History By the Rev J G 

wood, M A Is Tlie liifo ot Martin Imtlier By Satan Crompton Is 
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BOOKS FOR YOUNG READERS. 

A Sent* of Reading Boohs designed tofaahtateihcacmixsi turn of Ihepmcer 
of Heading hy\.ery young Children, /nil veils limp cloth, 6(f each. 

Those with on iston'k hive a Frontispiece or other IHnstntions. 


•The Old Boathouse Bell and Ban, or, A Cold Dip \ 

•Tot and the Cat A Bit of Cake The Jay The 

Block Hen’s Host Tom awl hcd. Mrs. Bee \ SuitalU 

•The Cat and the Hen Sam and his Dog Bedlcg / If j£ tU 

Boh and Tom Lee A Wreek. I 

•The New-born Lamb The Rosewood Box. Poor J 

Fan. Sheep Dos . 

•The Two Parrots A Tale of tho Jubilee By 51. E \ 

Win tic 0 Illnstrvtions 1 


•The Story of Three Monkoys. 

•Story of a Cat Told by Herself. 

The Blind Boy. The Mute GlrL A New Tale of 
Bnbc« in a Wood. 

The Day and the Knight Tho Now Bank Note 

The Royal Vint A Kmj; s Walk on a Winter’s IHy. 


\ SultnlU 
• for 
I Standards 
I S II. 


•Queen Bee and Busy Boo I 

•Gull’s Crag / 


Syllable Spelhng By C Barton In Two Parts. Infants, 3d. 

Standard 1 , 3d. 

Helps’ Course of Poetry, for Schools A New Selection from 
the Bnjrliah Poct-sc-urcfnllyconipilod and ruHptod to the several rtandnrd* 
by F A. Help*, one of H M. Inspectors of Schools 
Book I. Infant* and Standards I and II UJpp small 8ro M. 
Book II Stardnrds IH. and IV 231 pp crown 8ro Is. Cd. 

Book III Standards V , VI , and YU. S32pp postSro 2t 
Or in PARTS Infants, 2d , Standard I., 2d ; Standard II , 2d 
Standard III , id 


GEOGRAPHICAL SERIES. By M. J. Barrinotos Ward, M A. 
With Illustrations 

The Map and tho Compass A Reading-Book of Geography. 

For Standard I Non Kdition, rowed S4. cloth ’’ x * 

The Round World. A Readmg-Boob of Geogrnphy For 

Standard II Jut* Idition, mi*«l and inlargcd lOd 

About England. A Readiug-Book of Geography for Standard 

[In the. j'ic-ss. 

The Child’s Geography For the Use of Schools and for Home 

iutuoti W 

The Child’s Geography of England With Introductory Exer- 

Que^ons ( l 2.® ntvh Wes RnJ 1,11,1 Questions & Cd. Without 
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BELL'S READING-BOOKS. 


FOB SOHOOIiS AND PAROCHIAL LIBRARIES. 


Now Beady. PostSvo. Strongly bound tit cloth, It. each. 


•Life of Columbus ' 

* Grimm’s German Tales (Seleoted.) I 

* Andersen’s Danish Tales Ulnstrated (Seleoted ) | 
Great Englishmen Short Lives for Young Children, 
Great Englishwomen Short Lives of 

Great Scotsmen Short Lives of. 

Parables from Nature (Selected,) By Mrs Gatty. 
Edgeworth’s Tales (A Selection ) 

•Poor Jaok By Capt Marryat, E N (Abridged ) / 

•Scott’s Tahsman (Abridged ) * ' 

•Friends In Fur and Feathers By Gwynfryn. 

•Poor Jaok By Captain Marryat, B N Abgd 
•Masterman Ready ByCapt Marryat Ulus (Abgd ) 
Lamb's Tales from Shakespeare (Selected ) 
•Gulliver’s Travels (Abridged ) 

•Robinson Crusoe Illustrated 

•Arabian Nights (A Selection Rewritten.) / 


Suitable 

for 

Standards 

in nr 


/ Standards 
if fr. 


•Dickens’s Little Nell Abridged from the * The Old \ 
Curiosity Shop * 

•The Vicar of Wakefield. 

•Settlers In Canada By Capt Marryat (Abridged ) 
Poetry for Boys Selected by D Munro, 

•Southey’s Life of Nelson (Abridged ) 

•Life of the Duke of Wellington, withMaps andPIans. 

•Sir Roger de Coverley and other Essays from the 
Spectator 

Tales of the Coast By J Runciman, 

* These Volumes are Illustrated ‘ 


Standards 


V.VI.i 

VII 


Uniform with the Senes, in limp cloth, Gd each 

Shakespeare’s Plays Kemble’s Reading Edition With Ex- 
planatory Notes for School Ueo < 


JULIUS CAESAR THE MERCHANT OF VENICE KING JOHN 
HENRY THE FIFTH MACBETH AS YOU LIKE IT 


London GEORGE BELL & SONS, York Street, Covont Garden. 



